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Outline:

e Main ideas, tools and assumptions;

e Generating functional with Pomeron loops and
Markov’s processes;

e Asymptotic solution for the toy-model;
e General solution;

e The high energy asymptotic behaviour:

— NO geometric scaling;
— NO black disc;

e Problems, ideas, solutions ... = | bright future
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Ideas, tools and assumptions

Ideas:
e BFKL Pomeron Calculus
( Salam, Mueller & Salam,
lancu & Mueller,
[(1->2) Mueller, Munier & Shoshi,

lancy & Triantafyllopoulos,
Mueller, Shoshi & Wong,
E.L & Lublinsky,

In Reggeon Calculus

Fa—->2=r(e->1)

In probabilistic interpretation

we need to find a correct _
normalization for| [ (2-> 1) Rembiesta & Stasto,

Kovner & Lublinsky,

[ (2->1)
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e Probabilistic interpretation:

“ Reggeon field theory is equivalent to a chemical
process where a radical can undergo diffusion,
absorption, recombination, and autocatalytic
production. Physically, these ’radicals” are wee
partons (colour dipoles).”

( P. Grassberger & K. Sundermeyer, 1978: “Reggeon Field

Theory and Markov processes”)

e Colour dipoles:

—  the wee partons of the BFKL Pomeron;
—  the correct degrees of freedom at high energy.
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Assumptions:
e The intercept of multi (n) -Reggeon Pomeron is smaller than
the intercept of n-BFKL Pomeron exchange
P->2P 2P->3P 2P —> MRP
leading N, order 1/N§ corrections l/NC2 corrections
X1 =X1
.~ ) W
Z X o~ )
( ) X,
Y Y
< = > 1/NC < > @
8 b) )
1 BFKL Pomeron 2 BFKL Pomeron Multi Reggeon
topology topology Pomeron
>>
A 2 A MRP
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e t-channel unitarity constraints

Y o :
Unitarity constraint:

N(Y-Y") )
N(o0) = > 2, (55)" n! pf(o0) p;,(00)

N(Y) _ Z 1| n v =1 K
n 1| n
N*(Y”)
0 pn = 0"Z/0u"™|y=

Tools:

e Generating Functional (Mueller-1994)
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Generating Functional and Markov’s processes

o Z(¥s[ul) =) / Pa(eesis yiow) || ulaisyo) doi d g,

Z(Y,[u=1])=1;
Z(Y =Yy, [u]) =u;
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o %% = —>..T1 —-2)R (Pul(...wi, Yi--.) — Pn_1(... iy Yie..))

P /?)
(1—>2)
Pé) P N P

_ Zi,k I'2 = 1) R (Pn(..o®@iy Yiy eoes Thy Yky ooe) — Prg1 (oo @iy Yiy eoey Thy Yky oo2))

P

E:( \

_ Zi,kz F(2 - 3) ® (P’n(w’b’ Yiy ooy Ly Yk ) — Pn—l(---wi’ Yiyg eoe9g Ly Yy ))
P P P
L S ¢
r(2->3)
P P Pl P

The typical death-birth process (Markov’s chain)
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07 (Y3 [u]) _ ,
v = Xlul Z(Ys [u])

xlu] =
L(1— 2)Q (—u(z,y) + u(z, 2)u(z,9)) samy +

2
r'2—1)Q (u(x,y) — u(x, y1)u(xz, y2)) %6u(az1,y1)66u(wz,yz) T

2
'2—3)Q (1—u(x1,y2)) (u(x2, y1) —u(z, y1) u(xs, Z))%au(ml,yl)déu(wzayz)

( lancu & Triantafyllopoulos - 2004)

2N2
&

r(1->2 Lon1 (1, Y1 + T2, Y2—x, y) =

TESTYT et Ay [ d’z d*y; dzg:é d’y, xTis (2, y'—a], y1 + x5, y5)
Y (mla yl;m,p yi)')’ (mZ, Y23 wéa y;)

) ®) BA ro d?g 1 2
YN (e, ys 2, YY) = 2 N2 1672 In (

(z—z')%(y—y’)? )
(x—y’)2 (y—a’)2
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Unitarity

N(Y;[v) | = — [ 5, G- T8, d*x; d*y;
Y(xi,y Ys) %%Z(Ya [wi]) |u;=1

[ BFKL Pomeron | (—1)™ n 9 9
- X,y Y - f Zn n! Hi:l dxz; d Yi
— 'Y(miayi) pn(mla Yige oo 9 Lny Yns %)
O
@ O
O O OL, Vo uymixiy'y N(z,y;2',y;Y) | = 2n (1) n!
=A== (@ = == il O v Y’ n 2 2 2 7 32 1/ BA / /
=A== ==l = 'S f Hi:l d w’bd y’bd mzd Y,y (wi’ Yis L, yz)
LERCHAR AV
@, Q O be(w,yQ mlaylan"mn,yn;y — Y,) X
@ O
t / o / ’ / /
H pn(w7y;w19y17°'°7mnayn5y)
-; X'y 0

( lancu & Mueller-03, Kozlov & E.L.-04, Lublinsky
and E.L. -05 )
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Toy model:

0Z 0Z
8—Y:—I‘(1—>2)u(1—u)au |
T2 — 1) u(l — u) (ij -T2 — 3)u (1 — uf(%jz

'l - 2)xags; I'2—1)xai/N? TI'(2 - 3)xas/NZ;

Mo =roc > 1|3 |Gy = R NZ> 1
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Semi-classical approach :

Semi-classical approach:

o Z(Y = ocosu) = Zasymp(u) = €2l ;

82Zas mp(u ocosu
(BIZL)ZP( ) — (@;’)2 e(I)( ’ )

Equation:
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Solution:

o B(oo,u) = — R ln(l n 2(1—1,,))

~

¢ Zow) = (14 Sa-w)

o | pn = S EEEY (5)"

o [N(oo) | = Z 1 T'*(k +n) (_ 1 >n

n! Fz(n) K,(]_ — ’LLO)2
p— K, K
240 9 9 (1 )2

ST (‘n(l - u0)2> e (‘mu - uo>2> Bt = w))
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with

K
].—UO = — —
K

which can be found from

o I'(2 = 1) up(l —up) = — (2 — 3) up(l — up)?

Assumptions:

®(Y;u) = (oo, u) + AP(Y,u) with AP(Y, u)KLP (o0, u)

Dipole approach with Pomeron loops E. Levin 14



Equation (Liouville equation) :

OAP (Y, u)

| 0A2(YY,u)

2y — u(l — u)

Initial conditions :

K
o AP(Y =0,u) = i%ln(l —|—;(1—u)> + Inu
K

Solution :
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e We can use semi-classical approach based on large x > 1 and Kk > 1;

e The first step is to find the asymptotic solution as the solution to the
master equation with the l.h.s. equal to zero;

o The corrections to the asymptotic solution can be considered small and
the linear Liouville equation can be written for them;

e The role of the 2 — 1 process is very interesting: this process suppresses
the small values of 1 — u < K/k in such a way that these 1 — u can be
neglected;

e The inclusion of I'(2 — 3) is very essential and this vertex determines the
high energy behaviour of the amplitude while I'(2 — 1) should be taken into
account only for calculating the value of ug at which Z(u = ug;Y) = 1;
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General consideration :

e Semi-classical approximation + guess for the form of the solution:

Z(Yiui=1—v]) = exp(®(Y;[v]));
R < 0P oP
0y (1, Y1) 07 (T2, Y2) 07y (x1, Y1) 677 (2, Y2)
i) — (L FTdYO@,y) v (2, y)
® (i) = & In T e )
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e Asymptotic equation:

0 = — Rk [ dPzxd*yd*zK(xz,y;2) (V(z,y) — v(z,2)v(2,9)) @(w,y)
— R [ d*zy d*y; d*xo d?y2 d? 2 K (21, Yo23 2) X

X ('7(3319 y2) 7(532, yl) — ")’(332, yl) 7(531, Z) ,7(2 Yo ) ) ®(m1,y1) G(w;;yz)

with

L (-
B Ry FEE

Integrating over x; and y; and changing the

notation (x1,y2) to (x,y) in the second term
we see that this equation is satisfied
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e Initial condition:

~

| d*xd*y ©(x,y) v(w,y)>_m

Z (00, [vi]) = ( N

Z(oco,[y=0]) =1 but, Z(co,[y=0])|y—o=— oo 7!

Including I'(2 — 1) we have:

f([w]))"’%

Z(00, [y =m]) =1 and = Z(c0, %) = (7-'(['70])
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e Scattering amplitude:

. v ooy _ 17 (D)™ T(=R)  O(zi,ys)
* pu(@nysi- s Tr Y Y = 00) = [] n! T(—=& —n) F([Y.i])

1=1

N (x,y;x",y’) | =

F <,{ . _| @&y d’z d’GO(4,9) O(Z, 9) vBA(:fz,@;srz,y)>
240 s fvy

F([70,4])
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® 70($7y):
'z —1) ® Yo(z,y) = I'(2 — 3) ® Yo(Z1, Y2) Yo(T2, Y1)

1
; /d2m dzy Yo(T, Yy) Ay Ay / dzzK(w9 Y; 2) 'VBA(w7z;w1’y1) 'YBA(ZQ Y; T2, Y2) =

1

= ﬂ ')’0(331a’y2) ‘70(5132, y1) / d’z (K(CUZ, yl;z) + K(wla Y23 z))

15 o &

Yo(x,y) =

1672 Kk y?

Dipole approach with Pomeron loops E. Levin 21



e Asymptotic amplitude:

o 32 K _ 32k
N (x,yix",y’) | = 2F0 (,4,,,4,,— ) <1l — e &2

P(Y; [vi]) = ®(o0s [vi]) + AP(Y;[v)])
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e Liouville equation for A®:
OAR(Y;[vi])

oy
0 5 174
- / d’z d2y d*z K(z,y;2) (v(z,y) —v(x,2) v(2,¥)) A(;"};/E?I: ?;[l;/ ) +

_I_

1
2 / d*x, d*y, d*xs d*ys d* K (1, Y23 2) X

SAP(Y; [vi])

(Y(x1, y2) Y(x2, Y1) — V(T2 Y1)V (21, 2) V(25 Y2))

57($17y1)
e Assumptions:
o A®(Y;[vi]) = A®([vi(Y,z,y)]);
e (z,y) = vo(z,y) Av(z,y) with Ay < 7.
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e Liouville equation for A~:

0AY(Vszy) / d2z K(x,y; z) X
ay v I

(AY(Ysz,z) + Av(V5z,y) — Av(V;5x,y))

e Solution of the Liouville equation:

Av(Y;z,y) = Ay(Y = 0;5x,y) X

exp (=5 % (@ — ) QA(Y))
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e Approaching the asymptotic solution :

= N(z,y;x'y’;00) — N(z,y;2'y;Y)
B N (x,y; x'y’; 00)

1 — Yer 2)
X exp (— S Y“);
8x (Yer) ’

QI

_ 1 — Yer 2
Ri_n x exp | —as Y“°|;
4x(Yer)
1 —
Rp_Kk x exp (—&S Ve Y2> .
2x(Yer)
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Main surprises of asymptotic solution

e The asymptotic solution is not unity. Therefore, the high
energy scattering looks as a gray disc but not a black disc which
was expected;

e We do not expect a geometrical scaling for our solution ;

e The process of dipole interaction ——> a typical Markov’s
process;

e Equations — new Monte Carlo code whith the Pomeron
loops;
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e The entire dynamics can be found, neglecting the process of
merging of two dipoles;

e We need 2 — 1 process only to determine the value of vy but
it does not affect any qualitative properties of the asymptotic
behaviour of the scattering amplitude at high energy.
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Bright future

e \We hope this talk is the convincing illustration
that we are on the right track;

e Life becomes much more difficult but we
overcome the simple non-linear equation for the
mean field approximation;

e We have a remarkable progress in
understanding, in solution, and in practical
realization of high theoretical ideas.
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