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High Energy Evolution

Target (p" = p'; kT > A) Projectile (p” = p~; k= > A)
(T - — |P)

S-matrix:
S(Y) = (T(P| 3(p', p") |P)T)

Projectile averaged s-matrix:

5y (p) = (P|3(p', p") |P)

25y, (p) = /Dpp 30", p7) Wy _y [P"]
S(v) = [ Do’ =yl Wil
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Boosting projectile |P)y — |P)y sy

dx?
dY

HE
EP

Boosting target TYy — |T)y+svy

dW* HE t
= 1%,%
4y Xw
Lorentz invariance:
_— = — —
dY, Xx

S-matrix evolution:

(QCD)

(QCD)

HE

Xw

as t p t HE t t ¢t
-~ = /Dp Sy _yyle]l xT el Wy lp]
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JIMWLK

Balitsky-JIMWLK equation is an evolution of a very dense target W'

JIMWLK
X

and a very dilute projectile >?: = x"F(p! — o0)

Strong classical field generated by the color charge p;

Aal(z)" =" pi(2) (YM LC)

Eikonal scattering matrix for a projectile's gluon scattering off |T):

S(2) ::_Pexp{}!/wdx_ﬂwiﬁxz,x_)}

JIMWLK
(pt — oc0) =

:aﬁ/ o) 0y gye 2 (v
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< P)

o -0
50(t: :5Gt
;' __l___r_—l';
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-TT o T- -7

T
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JIMWLK+

A. Kovner and M.L., JHEP 0503:001,2005
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. oo dox

O o 9 O & 9O

Bal 6:0( 5’)0( 69\( 6:0( : /EISO( D;[b] b? = 4% Dy, b;] =0
5 : o S b - Non-linear classical Coulomb field
Ol 5e ] ® 277777 blag]
a a o da
JMWLK+

JIMWLK+ equation is an evolution of a dense but not very dense target
W' and a dilute but not very dilute projectile X7

ba[-] . (x T Z)i

T L@ = 2)? 7 (@); 0

JIMW LK+ JIMWLK
X — X
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KLWMIJ+

A. Kovner and M.L., Phys.Rev.D71:085004, 2005

Evolution of a dilute target:

K — a8 = R Yl

5 & & & ~ ra 0
op 5:9 op op =) = Pexp{/dx g 6pf(z, w)}
b p] ¢------"-"1 blp]
PP P PP PP R - dual Wilson line
KLWMIJ+

Evolution with Pomeron Loops (model):

HE JIMWLKA+ 1 " XKLWMIJ+

X =X +
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DDD - Dense Dilute Duality

R L Ol

K — a8 = R Yl

DDD transformation:

dense <« dilute

large p VIMWLES  KLWMIJ+ small p

p — 00 JITMWLE  KLWMIJ p — 0
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Self-Duality of High Energy Evolution

A. Kovner and M.L. PRL 94:181603,2005

e Lorentz Invariance (LI)
e Eikonal Approximation (EA)
e Projectile - Target Democracy (PTD)

x"lia,6/6a) = x"P(5/5p, ip)

dW?’ 5 d>3P 5
olI: — E (ia, —) wt — 1F (ia, —) P
dY o«

“BA: $(a) = [ dpy WWlp) expliap,]

) dW? )
XHE (ia)_> >F - — XHE (5_7 Zp) Wp[p]

dWP )
oPTD = XHE (ia, —) wr
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Dipole evolution

Dipole evolution of a small projectile (N, — ©0)

G = a | K de 9 d ) - d@y)] @y

E. Levin and M.L. NPA730 (2004) 191

d'(z,y) = tr[S'(z) S(y)]

Classical branching process. Violates t-channel unitarity. No Ploops!

JIMWLK __ dipole 1 cc
X = Xp + JzX
c

A. Kovner and M.L., JHEP 0503:001,2005

KIWMIJ __ dipole 1 cc
X — Xt + N2z X
c

A. Kovner and M. L., hep-ph/0503155
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Dipole evolution with Pomeron loops

2-d Pomeron field theory: E. Levin and M.L., hep-ph/0501173
dipol 2—1
X = Xp o+ X

== [ [T@y - da o diep)] d o))

I'?2~1  _ inverted Triple Pomeron Vertex

E. lancu and D. Triantafyllopoulos, hep-ph/0501193

A. Mueller, A. Shoshi and S. Wong, hep-ph/0501088

A. Kovner and M. L., hep-ph/0503155
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)

XBJIMWLK—I— " __n o, / T [8iR8i RT . &;RST 8i RT S]

XBKLWMIJ—I— no_n o, / T [81' S o, gt _ 9; S Rt 0; gf R}

|. Balitsky, hep-ph/01010427?

Y. Hatta, E. lancu, L. McLerran, A. Stasto and D.N. Triantafyllopoulos, hep-ph /0504182

Self-Duality of JIMWLK+ ?

XJIMWLK—I— — XKLWMIJ—I—
5 5 85 b5 b5 & 0 0 0 0
da da da da da  da op Op Op Op
I P G o
[sal®r 77 blgg] b[ p] #--------- * b[p]
Co /. "
a o oo PP P PP PP
JMWLK+ KLWMIJ+
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Summary and Outlook

e A lot of progress has been achieved beyond JIMWLK:
JIMWLK+, KLWMIJ+

DDD, Self-Duality
Dipole model with Pom. loops .

e We are in a quest for a complete self-dual evolution kernel for high energy
QCD. Lipatov's action?
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High Energy Evolution

Target (p" = p'; kT > A) Projectile (p” = p~; k= > A)
(T - — |P)

S-matrix:
S(Y) = (T(P| 3(p', p") |P)T)

Projectile averaged s-matrix:
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Boosting projectile |P)y — |P)y sy

dx?
dY

HE
EP

Boosting target TYy — |T)y+svy

dW* HE t
= 1%,%
4y Xw
Lorentz invariance:
_— = — —
dY, Xx

S-matrix evolution:

(QCD)

(QCD)

HE

Xw

as t p t HE t t ¢t
-~ = /Dp Sy _yyle]l xT el Wy lp]
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Dipole evolution with Pomeron loops

Dipole evolution of a small projectile (N, — ©0)

G = a | K de 9 d2) - d@y)] d@y)

E. Levin and M.L. NPA730 (2004) 191

Classical branching process. Violates t-channel unitarity. No Ploops!

2-d Pomeron field theory: E. Levin and M.L., hep-ph/0501173
dipol 2—1
X = Xp 0+ X

= e, [dey) - diw ) d )] duv) dirp)

I'?~1 - inverted Triple Pomeron Vertex

E. lancu and D. Triantafyllopoulos, hep-ph/0411405; hep-ph/0501193
A. Mueller, A. Shoshi and S. Wong, hep-ph/0501088

A. Kovner and M. L., hep-ph/0503155
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From dipole model to finite V.

Balitsky-JIMWLK equation is an evolution of a very dense target W'
and a very dilute projectile X7:

JIMWLK HE, t
= x  (p — o0)

th[Pt] JIMWLK  t tr t
R LA I 1%,

v X (o] (o]
dZP[Pt] JIMWLK  t t
- - - = ZP

I%G X o] EV[p’]

Dipole Limit (Large N.):
XJIMWLK — Xzipole 4 NLCQ ch

A. Kovner and M.L., JHEP 0503:001,2005
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Strong classical field generated by the color charge p;

Aai(z)" =" pi(2) (YM LC)

Eikonal scattering matrix for a projectile's gluon scattering off |T'):

S(2) ::_Pexp{}!/wdx_ﬂwiﬁxz,x_)}

JIMWLK
(Pt — OO) —

:aﬁ/ o) 0y gye 2 (2w

Y2 (Z o $)2 50&?(33) 5afﬁ)(y) (Z T y)2

0 e
50(t: :BO(t
;—l__j___l__j'.l
JMWLK ! !

T|
—P Gtat Gtat -«

P
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KLWMILJ equation

A. Kovner and M.L., Phys.Rev.D71:085004, 2005

Evolution of a dilute target: AWML — 3 HE 0 0)

KLWMIJ(pt R O) .

(Z_x)i a ab ( )
— Oy D E—— R 1 — R(z Py

/ el L= RENT )

o 0 O O 5
R(z) = Pex dx~ T

o0 op op 9P ) P T 502 (2, a:>}
P _i__ig
i i KEWMIT Xfipole N, — oo

P kKLwmiy P
A. Kovner and M.L., hep-ph/0503155

Evolution with Pomeron Loops (model):

HE JIMWLK

X = x (Pt N OO) " + 1" XKLWMIJ (Pt N O)
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DDD - Dense Dilute Duality

JIMW LK . (z —x)i(z —y)i
X (p— 00) = as /xw (22 )

5
dat(y)

5
da(x)

X 1 — S(2)]*

KLWMIJ . (z —x)i(z — y)
X (p—0) = a L}y’z(z_m)Q(z_y)Q x

x p*(z)[1 — R(2)]"p"(y)

DDD transformation:

T — —; — — 1p S — R

JIMWLK KLWMIJ
X - X
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Self-Duality of High Energy Evolution

A. Kovner and M.L. (PRL 94:181603,2005)

e Lorentz Invariance (LI)
e Eikonal Approximation (EA)
e Projectile - Target Democracy (PTD)

x"lia,6/6a) = x"P(5/5p, ip)

dW?’ 5 d>3P 5
olI: — E (ia, —) wt — 1F (ia, —) P
dY o«

“BA: $(a) = [ dpy WWlp) expliap,]

) dW? )
XHE (ia)_> >F - — XHE (5_7 Zp) Wp[p]

dWP )
oPTD = XHE (ia, —) wr
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Beyond JIMWLK: JIMW LK+

A. Kovner and M.L., JHEP 0503:001,2005

d )
I o [ = s o |2
. oo dox

O o 9 O & 9O

da 8a da  Ba da  3a Dib] by = 3% Dy, bj = 0
o) : - o
bl 5q ] ®r77777® bl3g] (z — 2)
SR b; (7] R r——r i (x);
aa oa j*—0

JMWLK+

XKLWMIJ+ — CMS/b? [P] [1 . R(Z)]ab bf [P]

A. Kovner and M.L., Phys.Rev.D71:085004, 2005

DDD: XJIMWLK—I— PN XKLWMIJ—I—
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)

XBJIMWLK—I— " __n o, / T [8iR8i RT . &;RST 8i RT S]

XBKLWMIJ—I— no_n o, / T [81' S o, gt _ 9; S Rt 0; gf R}

|. Balitsky, hep-ph/01010427?

Y. Hatta, E. lancu, L. McLerran, A. Stasto and D.N. Triantafyllopoulos, hep-ph /0504182

Self-Duality of JIMWLK+ ?

XJIMWLK—I— — XKLWMIJ—I—
5 5 85 b5 b5 & 0 0 0 0
da da da da da  da op Op Op Op
I P G o
[sal®r 77 blgg] b[ p] #--------- * b[p]
Co /. "
a o oo PP P PP PP
JMWLK+ KLWMIJ+
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Summary and Outlook

e An effective theory which governs Pomeron dynamics in QCD at high
energy and large N, limit has been constructed.

e A lot of progress has been achieved beyond large N.:
JIMWLK+, KLWMIJ+, DDD, Self-Duality.

e We are in a quest for a complete self-dual evolution kernel for high energy
QCD. Lipatov's action?
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Dipole Picture in QCD

A. Mueller 93

l X - Large N X -
r

N S\

r—r’

Decay probability = amplitude squared:
. s
L +
y %L)VL:‘ y -

Amplitude is given by the WW field

v~ = & (G55 - s

5

— = (z —y)? —_ =
Pl =2) = & gz = %

2 (7, _ 7,/)2
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Probability Equations

projectile
g = E Qo | n >dipole

n

One step in the evolution: I'(1 — 2) governs both the increase and
decrease of P,,.

0 P,
oY

= - > / dPS(2)T(1 — 2) P, + > I'(1 — 2) Py

\t
0 C
S é ‘ DIS
target
Y=0 |
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/dPS(Z)F(1—> 2) = & e w(r)

27 J, (r — r')2r?

OP,(r1, ro,...70) B

— Z w(r;) P, (r1, 2, ... 7Ty)
oY i=1

T3 ’r‘n
Z ( ) as Poo1(r1, oy (15 + Tn)y oo o Ti1)

(2m)r2r2

E. Levin and M. L., hep-ph/0308279

E. lancu and A. Mueller, hep-ph/0308315

Conserves probability
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Generating functional for dipole wave function

A. Mueller 93 :

Z(Y — Yy, [u]) = Z/PR(Y—YO; rl,...,rn)Hu(m)d2ri

Probability conservation: At u = 1

Z(Y —y,ru=1]) = 1.

s(r) = s(x, y) - scattering matrix of a single dipole

Eikonal scattering

Edipole _ Z[’U, _ 8]
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Linear evolution for generating functional

E. Levin and M.L. NPA730 (2004) 191

0Z[s]/0Y = xl[s]| Z][s]

o

elers] = / 12 [s(x, 2) s(y,2) — s(z,y)] 5s(x,v)

Classical branching process. Violates t-channel unitarity.

No Pomeron loops!

BFKL evolution: S

12

—
2
I

[
|
»

o

BFKL ]
0Ya y

— / F1—>2 ['sz + Yyz — 'ny]
w7y7z

Violates s-channel unitarity.
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Kovchegov equation

DIS of a single dipole:  X? = s(z, y)

d¥P| s]

— _ Xdipole[s] Ep[ s ]

M /KfjfL s(z, 2) s(y, 2) — s(z, )]

Total S-matrix:

Sy(xz, y) = /DS s(Y — Yo; z, y) W;O[S]

Kovchegov (99): no target correlations (large nucleus)
Whs] ~ 8(s — so)

Sy(z, y) = s(Y — Yo; z, y); Sy, = S0

BK equation — HERA phenomenology — LHC
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Balitsky's hierarchy

Total S-matrix:

Sy(z, y) = /Ds s(Y — Yo z, y) Wffo[s]

d(s

Target correlations:

S(Y) = (s)

)/ dY = /Ksz“ (ss) — ()]

d(ss)/dY o« (sss)

etc

Balitsky's hierarchy (96)
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Balitsky hierarchy
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JIMWLK equation

NY) = = 30 ()" [ )y - Yo I d*rs

n

Ty T Yo) = /DSH (1 — 4(r)] W (Yo, [s])

1=1

Ny = - S n1')n/ DsT[ dri [t = si) 5— Zlulfuzt W]

N(Y) =1 = [Ds Z(Y - Y [s)) W (¥, Is])
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L = = [Ds X 20 = Vel W, o) =

/bsﬂy—mbnﬂﬂwmww

OW (Yo, [s]) /0Yy = Xx'[s] W(Yo, [s])

Jalilian-Marian - lancu - McLerran - Weigert - Leonidov - Kovner

Xls] = K [s — 5s] =
X5 = KT 2[5 — s3]
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Target correlations

Target averaged amplitudes:

n—1 n
Yn = C 71

C - dipole correlation parameter

Balitsky's hierarchy shrinks to a single equation

d v

- a, K — C
FR% o ® (7 Y1 Y1)

Modified BKe
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Target correlations at large N,

A. Kovner and M.L., hep-ph/0502071

OZEL — Xps) 21s) OWLL — sl Wt
Heisenberg eq. : Ccll—f/ = [x[8], §]
w = &S/d2z Ky, [s(x,y) — s(z, 2) s(y, z)]

BKe. Initial conditions:  s(Y = Yy) = sp

N(Y) =1 — /Dso Z[s(Y)] W' (Yo, [s0]) -

Needs a model for Wt at Y = Y.
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Functional evolution with Pomeron loops

E. Levin and M.L., hep-ph/0501173

0 Z|u]
oY

= xlu] Z[u]

xlul = x' 7 7u] + X7y

Xl—)Q — Vl—)l[u] —|— V1—>2[u]

X2_)1 — V2—>2[u] —|— V2—>1[u]

o

d

5 O

d 9
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a.0Y Y
0 p? ~
n — K D
as0Y [p"
api _ Kk [pt
a;, 0Y "

~T
- ’Yn—l—l]—"’{f Yn—1

+ pb 1]

+ me—l]

~ P
_ K’pn—l—l

o l{pn%—l
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(2 —-1)

~T(2—=1)p

dm
as;0Y

- /m —2) [ - o]
i () = / ona(z,y; 7,7) (%, 7) d*z dg

Y2 (1, Y1; T2, Y2) = / opa(x1,y1; T1,Y1) opa(Ta, Yy2; T2, Y2)

X py(Z1, G; Ta, §o) d°F1 d°F1 d°Ta d” G

F2_>1(1—|—2—>£E,’y) ==

2
2]\26 Az Ay 'y .o (CB, Yy — 1"+ 2,) OBA (1; 1') OBA (2; 2')
arg 1/ 9/

Ay A, f1,2, can be worked out, down to the computer ready expression
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Glauber rescattering and QCD Functional

Motivation: Glauber rescatterings are not included in Mueller's functional
and in the BKe. No N, or a5 suppression.

Physical process: 1 — mn-Pomeron vertex (local in rapidity)

Interpretation of the Glauber formula: one dipole splits to infinite number
of dipoles of the same size. The number of dipoles is Poisson distributed.

Theidea: u — e“~ !

27 r’2(r —1)>2 du(r)

2 g2/
d = )
&, <—w(7‘) R eu<r’>—1+u<r—f“>—1)
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Ker ®@ [2NaA(Y, ) — Na(Y, 7) — NA(Y, r') No(Y, 7 — )]
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