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Gluon reggeization at high energies

Elastic scattering

A+B—- A+ B
Mandelstam variables
s=(pa+pB)?, t=(pa—pa)’, u=(pa—pp)*
Regge kinematics
s=4F?> —t = |q|° = E*§?

QCD Born amplitude
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Leading logarithmic approximation
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Gluon Regge trajectory in LLA
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Inelastic amplitudes

Figure 1: Quasi-multi-Regge kinematics

Gluon production amplitude in LLA
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Reggeized gluon vertices
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Figure 2: GGR and RRG effective vertices
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(General relations

Dispersion representation

o0 d / A / t ©. @) d / A /
A(s,t) :/ L )—|-/ w Az(u ’t)—l—sub.ter ,
t t
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Unitarity condition

Al(S,t) = Z/dTn M2_>1_|_n M2*—>1—|—n
n=1

Phase space in the MR kinematics
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0-function decomposition
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Watson-Sommerfeld representation
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BFKL equation in LLA

Two-reggeon propagator

/OO @ grwWtwitwr _ 1
oS w = w(=|kf?) = wl=lg = kif?)

Product of two RRG vertices

R(?l,?g;ﬁ)) = —Cy(k1,k2) CH(q— k1,9 — ko) =

kik3(q — k1)*(q — k2) + kTka(q — k1)(q — k2)”
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Colour structure decomposition
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Balitsky-Fadin-Kuraev-Lipatov equation (1975)
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t-channel unitarity constraints

Born production amplitude

It (pa,q1) 1 TY(pB,qni1)
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Pole unitarity
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Relation between vertices
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Mellin transformation in LLA

orn ZOO dw w
MELA (s, 8) = ME (s, 1) / o r @),
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Two-particle t-channel unitarity
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Bootstrap and s-channel unitarity

Sudakov variables

kr = BrpA + Qr PB + kﬂ_a (kﬁ)2 : Sarﬁr _ “@"2 =0

Multi-Regge kinematics
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Dispersion relations in LLA

n
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Colourless particle scattering in QCD

Impact factor representation
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Figure 3: Photon-gluon scattering amplitude

Mellin representation
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Solution of the BFKL equation for ¢ = 0

Optical theorem
JA(s, 0)

S

Ot —

Homogeneous BFKL equation
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Complete set of eigenfunctions for ¢ = 0
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Coordinate representation

Holomorphic coordinates and momenta

. § . . 0 ., .0
10?“::1:7“—'_7’:%“7 Pr — Ly — WYr, pT:Z@pra Py = 8,0;':

BFKL equation in the operator form

Ef=¢+Hyf, Ho=Inp | +1nps|> — 4p(1)+

1 L N a sV,
+—— In |p12| p1p5+— ln\p12|2p1p2, w=-———EF
P1Do P1D2 2m

Inhomogenious term

o(P P17

01, 0o P11, P1) = m ln|/011f\2 111|,022f\2

Colour transparency

- E)lk|:0 = Q(k, ¢ E)|k—q|:O =0

”(Gauge equivalence” of solutions
0f (71, P2) =x(P1) +x(72)
Mobius space (J.B.,L.L.,G.V. (2004))

F(7,7) =0




BFKL equation in the Mobius space

Mobius-invariant inhomogenious term

P11’ ||P22 P11’ ||P22’
671, P 7 7 — 2 w2l ol

or2r|lp21r|  |przflpare]
Holomorphic separability of Hyo (L.L (1989))

His = hia + A3,

Holomorphic hamiltonian

1 1

hi2 = In(p1p2) + - In(p12) p1 + = In(p12) p2 — 29(1)
2

Other representations

h12 = In(pfy p1)+In(p7s p2)—21n(p12)—2¢(1) = —2¢(1)
1

5 (¥(p12p1) + (1 + p2ip1) + Y (p12p2) + Y(1 + p21p2))

Mobius invariance (L.L. (1986))
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Conformal weights
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Solution of the BFKL equation

Eigenfunctions and eigenvalues of Ho

Jonn (P15 P35 P0) =< 0[6(p1) ¢(p3) O,,, ~(P6)|0 >=
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m " m
( P12 ) ( *:012* > Cw(v,n) = —
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Solution of the equation (L.L. (1986))
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il w—w(v,n)
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Pomeron Green function
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Fields
Gluon fields

T = if T, TrT°T" =

Reggeized gluon and quark fields

As(z) = —iT* AL (x), P(z), ()
Global gauge transformations
0vy(x) = [vu(z), X], 0(z) = —x (), 6A(z)

Local gauge transformations
1

v (x) = Q[Du,x(fv)], 0p(z) = —x(x) P(z), 0AL(z)

Kinematical constraints
0x Ay(z) =0
Gluon fields in light-cone gauges
v 4 jvy = —i0*¢*, vt +ivst = —i0* ¢,
UﬁPZ =0, vag =0

Symmetry between two gauges

6ab




Multi-Regge effective action (L.L. (1991))

S = /d4$ (Lfree + Lprod + Lscat)

Free lagrangian

Liree = —5 ((0:002)(0-0"6;) + 4(04)(0" A,))
Production contribution
Lprod = ja®a + ja®a, Jo = g(0"AT)To(0AT)
Scattering contribution
Lgcar = jﬁLFAJr“—kjﬁA_a, 74 = g(0"¢")T"i0+(0¢)+h.c.
Lagrangian in the gauge-invariant form

2
—)+g (—A% (F_oT“i0- ' F_o)—A* (F4oT"i0; ' Fio

i
0, 0_
F., =8V, —08,V,

(OZ'F2 ) (A_T%0,AL)+( F¢ )0, A T 05 A_+...

Steinman relation is absent




Effective gauge invariant Lagrangian (L.L. (1995)
Effective action local in rapidity y

€L + ‘k|

1
S= [ d«(Lo+ Ling) , ly— oy =—1
/ Z (Lo + Lind) » Y=Yl <1, y 2nek—\k|
QCD Lagrangian
1
Lo = Z¢D¢‘|‘ T"“ Gw/a utgou, Gy = ;[D,L“DV]

Induced contribution

Ling =Tr (LY ,+ L3R LY = —0,A4%0,A%

ind —

Gluon-Reggeon couplings

+

1 1 [* , ,
Glt = ——0, Pexp <—§/ vy (2')d(x )+>




Feynman rules in the momentum space

Momentum conservation for induced vertices
kg +k7 +...+ k=0

Examples of the vertices
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Factorization
T
AZ@ZﬁZfé = _(TE (n+)vs 2Tr (TCGaoaL--ar) °
s=0

General representation for G 4, . .4,

Z LYo [ Y2 [ ir
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{30,310 0s0r }

Recurrent relations (Ward identities)
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Composite states of several reggeons

Equation for the n-gluon state (B.,K.,P. (1980))

—

1y

Multi-colour anzatz

Wb pn)= > Tr (T T, .-T. ) f(Fir-e Pin)

(215--ey8m)

Scrodinger equation for N, — oo

_ . _ e 1
Ef(f1, .y Pn) = Hf (D1, oes ), H = §ZHk,k—|—1

k=1
Holomorphic separability of H

h + h*

H = , h=) hprp

r=1

Holomorphic factorization of f (L.L. (1989))

f(ﬁla P2, 7ﬁn) : Zar,s fr(pla ---7pn) f8<p1<> ---apq*z)
T,S

~ ~ chl ~
hfpe=efr, B*fo=éfe, w=—""C"(c+¢)
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Wave function normalization

New representation for the pair hamiltonian
hi2 = p12 In(p1p2) p1s + 2In(p12) — 2¢6(1)

Two forms of the holomorphic hamiltonian

h = Z (p;1 ln(pr,r—lpfr,r—i—l)pr + 21np7~ N Qw( )) B

r=1

n

S™ (Prors1 m(prprss) prkys + 2In(pryrsr) — 20(1))

r=1

Two expressions for the transposed hamiltonian

n n —1 n —1 n
ht = H Pr h (H pr) . (H pr,r—|—1> h H Prr+1
=l r=1 =3l =l
Two normalization conditions

n n d2,07~
IR = [ £ | Corlol? fo 15115 = vk
1 / 71;[1 Pr |D 2 /E

|/07°,7°—|—1 ‘2

First integral of motion (L.L. (1993))

A= P1,2P2.3---Pn,1 P1P2.--Pn , [Aa h] =0




Integrals of motion and integrability

New representation for A

Pk Pk Pk

A="Tr (LngLn) ,Lk — ;
—Pr Pk —Pk Pk

Transfer matrix (L.L.(1993))

T(u) =Tr Ly(u)...Ly(u) =Y qu"" ", Lpy(u) =ul+Ly
r=0

Integrals of motion

Gr = > Phikg--Pkr_1ky PhiPha--Dh, > [dr,h] =0
ki1<ko<...<k,

Monodromy matrix
t(u) = Ly(u)Lo(w)...Ly(u)

Yang-Baxter equation (L.L.(1993))

T2 (v — ) = 1517 (v — ) £33
172

L-operator for the Heisenberg model

S182 S1 CS2 - $S51 $S2
18,18,2 = w53’1 (58,2 + 7,58,2 58,1




Duality symmetry (L.L. (1999))

Cyclic symmetry at large N,
Pi = Pi+1, Pi — Pi+1

Duality transformations (L.L. (1999))

D: pr— Pr,r+1 —7 Pr+41 Zpr =0
r=1

Symmetry of integrals of motion and hamiltonian

(Dg.)' =gq,, (Dh)"=h

Wave function for ¢ =0

Uiz Pur) = [ o fy (B ).

n

~ Zpi,ma R ), - Af =S

Duality transformation

|)\m‘ n—1 dQPk P epk k+1P k
H ‘10 |2 (10 129 -
k,k+1




Odderon wave function

~

m Xk Mm

fon.m(P1, D3, P33 P6) = P (T

P23 - P12 P30
P20 P30 ’ P10 P32

Normalization condition

H 2 d?x :
e
i (1 — )|’ !

Integral of motion (L.L. (1993))
—iz(l—z) (x(1 — 2)0* + (2—m) (1 —22)0 — 1 +m)) O

Holomorphic factorization (Y.,W. (1997))
0, () = o (@) 7 () + c2 0™ (@) 9™ () +

(M (@") + ¢ (2) o™ (@) + (2 = -3)
Eigenvalue equation
ASOm — A1—m Om Pm — )\Spma Ay — ZC(l B

Duality relations (L.L. (1999))

ame™ = A" o] = [A], 2




Odderon hamiltonian

Holomorphic hamiltonian

n 2 2
Z k+2,0 k—2,0 i

P Pk+1,0 Pk+1,k+2 Pk—1,0 Pk—1,k—2

Odderon case (L.L. (1993))

1l —=x

= )—Hn ((1-@2(@— T)) +1n (a— T)

— i X X

m x*
h = 6y+In (z°0)+1n ((1 — 2)°9)+In (:1:2(9 =i ) +

In (0
n ( + 1
Algebraic relations
1 1
1Mf4P%:—mx+éwaﬁ+§¢ﬂ+FﬁwP:x8

Normal form (L.L. (1999))

é%:syemx+¢u—PyHM—P%HMﬁkJﬂ+§:wﬁﬁ@”a
k=1

k
2 1 1 1 k
—+—< + >+ ()
t

E 2\P+k—m P+Ek

(=) tT(m+t) ((t—k) (m+1t) + mk/2)
 kDm—k+t+ )T+ D)k —t+1)




Odderon intercepts

Relation with the integral of motion

h

©.@) CT
— =log(B) + 37 + Z
=il

=5, B=iA

2

Redefinition of the wave function

['(—P)T(1 — P)T(m — P) exp(irP) ®,,(P)

Expansion at large A = —iu

(P) = 3 u "L (P), 0, (P) = 1

Duality recurrent relation

P 1 m

on.(P) =) nri=c ) ant 0p7t = (k-1)(k—1-m
k=1 k=1

(k—m)® ' (k—1)+ (k—2)®7 ) (k—1—m))

Odderon energy (L.L. (1999))
®,(1)  ml-m)
@, (1)

3 13
I — - — (i =Pk
n“+3’7+<448 T im 2




Analytic Bethe anzatz

Monodromy matrix

~

Ln(uw)...Ly(u) =

L-operator

U =+ Pk PKO —PkPio
Pkﬂ%g U — PkPEKO

Pseudo-vacuum state (L.F.,G.K. (1995))

C(u) ¥ =0

Baxter equation

AW QN my i) = A+ 0)" QAN +14; m, T) +

n

)= S A

k=0

Sklyanin anzatz

H QO m, @)¥Y, Bu) = —P H




Baxter-Sklyanin representation (H.V.,L.L.)

Unitary transformation
(I)(P, )\1, ...,)\n_l) = /HdQﬂTle,---J\r:1;13(517"'

Equation for the kernel

n—1
= Pl 2)Uz, 5
r=1

Quantization conditions

N N
>\r20+i§’ )\i:O'—’LE

Pomeron wave function

2PN X, )OO 1" (A — —A
e = QU QO m) + (1) (A= -

Pomeron Baxter function

m2m(1 —m)

Q(A\,m) = — F32(—iA+1,2—m,14+m;2;1)

sin(7mm)

Meromorphic properties

ri(m) = lim (A —i)Q(\,m) = _Sin(ﬂ'm)

A—1l 1T

Q(—il,m)




Hamiltonian in BS representation (H.V. L.L.)

Property of the BFKL hamiltonian
1

lim . — H
Ip|—0 p—zA* (p*)—z)\ 12P

—In |p|? + (1 +30*) + (1 —iX* )+ (14+3N) +op(1—i))

p*) T =4y

—z')\*(

Hi5 in the BS representation

. N 1
,\E&H”q)_z<5+m* A=

Pomeron energy

0

tim (eI (0= D30 m) + (= X — )

General expression for energy

-1 Y _oan—1/yx -~ \n-—1 2n N
AT DA O A= =" AP Q7 ]

Holomorphic factorization




Meromorphic anzatz (H.V.,L.L.)

Baxter equation

= (z+1)" Q(z+1, i)+ (z—1)" Q(z—1, fi),

n

n—k

(—1)" pp

bi(f )

Recurrent relations

a(f) = Ay(ar—1,a1-9,-..), () = Bi(ar, bi_1,b_a...), ...

~
~ —~ ~

CL()Zl,b():CO:...:gOZO

Minimal set of solutions




Solution of the Baxter equation (H.V.,L.L.)

Asymptotic behaviour

lim zF QW(z,@)=0 , k=1,2,...,n—2,

r—00

C ) =Cci ) =1

Linear relations

6 () + m cot(ma)| Q) (x, i)

QU (x, ) + o (@) QU Y (w, )
Holomorphic energies

b _
€:—1+n:b0—’u L

5 Hn
Quantization conditions

€0 = ) = = op 50 (1) =0
Total energy

E 5= emf) + €5 (A7) = em(i°)




Odderon in the BS representation (H.V.,L.L.)

New variables for the Odderon

. [pl (p1 +p2)] N P1 D3
— |n A
(p2 + p3) p3 (p2 + p3)(p1 + p2)

Transformation to the BS representation

d*p1d*ps _K
U (t,Z)V  ~
/|p1| 2|1 — p1 — p3|?|ps|? A, )\2( ) m,m

Factorization of the kernel

x >k
-t/\1+>‘2 ok A1+ A9
2

1t 7
— —

A1,A9

F(—iA2, A1 5 1+1(A1—A2);
 T(iM)T(—iro)
T(14i(A1 — X))
o sinh(7wAg) sinh(7wAq)
sinh(w(A1 — A2))

z) 5




Baxter functions for Odderon (H.V.,L.L.)

Baxter equation
22° + m(m — D)z + p] Q (x; m, 1) =
(#+1)° Qz+1;mp) + (xz—1)° Q(z —1; m, )

Auxiliary functions

Recurrent relations

(r+1)° ar1 = [27° + m(m — V)7 — p] a,—(r—1)° ar—1,

(r+1)? brg1 = [27° + m(m — 1) r — 1] br—(r=1)*b,
—3(r+1)* a1+ 67 +m(m—1)] a,—3(r—1)%a,_;

Independent solutions
Q(Z) (Z’, m?:u) : f2 (ZIJ, m, :u) T B(mau) fl (QZ‘, m, :u) )

Q(l) (ZU, ma:u) : fl (:Ca m, ,u)—i—C(m,,u) fl (—QZ, m, _u) )
QY (w5 m,p) = QP (—z;m, —p) , lim Q" (z) =0




Properties of Odderon (H.V., L.L.)
Solution for =0

Qsm,0) = = 20™ i 0oum) = T 4 Qo(m),

1T A—0 A

s

Qo(m) == (

m) + (1 —m) w(l))

sin(7m,)
Energies for p =0, v =0

Ejp— =27 —8In2 >0, E;,—1 =0
Eigenfunction of A for u =0, n=2k+1

~

o = L+ (=)™ (—z")"+(@—1)™ (@ =)™, ||o|l? <

BLV solution with y =0, n =2k +1
3
Z 52 (pr,r—i—l)|pr—|—1,r—|—2 |2fm,;;’l(ﬁr—|—1a ﬁr+2; ﬁO)

r=1

Linear relation
[ cot w + 8(m, 1)] QM (z) = QP (2)—C(m, 1)QP (—x)
Quantization of p

5(m, 1) =0 — p1 = 0.20525, E; = 0.49434, ...




Pomeron at a non-zero temperature (H.V.,L.L.)

t-channel invariants

t=4E%, s = —2p°(1 — cosf)

Constraints at a finite temperature

1
A(T + ?) = A(7), E; =2miTI

Constraints in the s-channel

A(y+2ﬂ-):A(y)a q2l:l7 2l =1

Gluon Regge trajectory and Green function

2

(=) = — 255 N A=), A=) = Aa) + "),

ol 1

— + 5 W +ig) + (1 —ig) — 2y (1)],

T k
_WT + In (2 sinh %) + In <2 sinh p;)

BFKL hamiltonian

Hiy = hia + hiy, hia = —2¢(1)+

Z [%1?(1 T ipr) T %w<1 _ ipr) + i In (2 sinh %) p,r]

r

r=1




Pomeron wave function at finite 7' (H.V., L.L.)

Small-T" expansion

k—l—l
o =ty + 35 3 [0+

r=1,2

Integral of motion

A = 4sinh? (g) p1p2, p=pi2, A hi2] =0

Eigenvalue equation

~ m(m—1)
~ 4sinh® £

\Ij<p7 Q) ) t=—4 |62|2

Holomorphic solution

7

3Q@p (e? —1)™ F (iQ +m, m;2m;1 — e’

Pomeron wave function

vm(7, §) =

I'(m)L(m + iQ)T (M) (M — iQ*)
L'2m)L Q)T (2m)I'(—iQ")

—(m—-1—m, m—1—m)

v (p, QYU (p*, Q*




Integrability at finite temperature (H.V., L.L.)

Conformal transformation
pr = In p,
A and his Iin new coordinates

o 0
A _. LYoy 2 ’

1 1
his = 1H(P/1 pé)—'_p_’ 10g(,0'12) p/1‘|‘17 10%(0/12) p’2—2¢(1)
1 2

Operator identity

1 0 0 0

Pomeron wave function

o (m ) ( sinh p—f >m sinh %
I . P10 o P20 . K. e
2 Slnh N Slnh 5 2 Slnh % smh p;o

Integrable Heisenberg model




Regge trajectories (H.V.,L.L.)

Pomeron wave function at small p

£(5,Q) = p™ (p*)™ + €' omm(Q) plm=m (px)L=m

Relative phase
(15m(@) _ 8% (D) 4idT (D)

Zero-temperature contribution

T(m) T(2—2m) T(n) T(2—27m)

" T(1-m) I(m) I'(1—-m) L(2m)
Temperature correction

F( +iv+iQ) ( +iv—iQ")

—4 v
=1QI” Dz —iv+iQ)T(5 —iv—iQ*)

Pomeron trajectories




Anomalous dimensions

Parton distributions

fulz, Q%) — / (@) a=g.0s
2< 2

Mellin transformations

1
£2(5, @) = /O dz 297 f,(z, Q)

DGLAP equation and anomalous dimensions

T szaycf Z%b (915, Q%)

Light-cone components

Y
Mixed projections
~,Ll,1 ~ 1+ w a 01 On|
w ool OI’L17 7M1+w70-1a°'°90-|n| l—]— .”l—l—

Eigenvalues of the BFKL equation

: no .
w=j—T=w(y,|nl), m=q+5,m="-




BFKL equation in N =4 SUSY (A.K., L.L.)

Eigenvalue of the kernel
w=4a x(n,v) +4a°A(n,v), a=g*N./(167%)
Non-analyticity in QCD
Agcp(n,y) = codn,o + 20,0 + ...

Hermitial separability in N =4 SUSY

p(M) + p(M)
24, /w

\If’<z+1 B
2

A(n,7) = ¢(M)+op(M”™)— , M=

(M)+5¢(2), () = 5

Property of maximal complexity

B(M) = 3¢(3)+" (M)—20(M)+25 (M) ( (1)~ ¥ (M))

B'( k+1
Z T T

(D (g MEHD -0
T b )

k=0




Relation between BFKL and DGLAP equations

Operator expansion of the Green function

< ¢(p1) ¢(p3) ¢(p17) P(p27) >

" 172/
~ < ¢(p1) o(p3 Z\Pm’\ﬂ”( ) (

,01/2/

Perturbative expansion

n
Lo =14+ 20— 5(0), 30(@)lomo =

9> N,
42w

+O(g*

Hypothesis about v(j) (A.K., L.L. (2000))

lim v(j) = lim ~,(j+7)

Jj——r |In|——r—1
Predictions (A.K., L.L. (2003))

2 T
B (0N 1y
T 4m2 j 47 42 2(j + )3

Independent calculation (L.L. (1997))

1G) = TP EAG), AHEAG) = 4(R)-w(-1)

Integrable Heisenberg spin model (L.L. (1997))




One loop anomalous dimensions

Wilson twist-2 operators

4 =8G%, D, D,...D, G

pH1 pH;

—c . D, D, G

P Pl

o, =899, D,,...D, T

= S\I!“%fymDm...Duj\I!a :

) J

=89°D,, D,,...D,,®°

Ty

Anomalous dimension matrix (L.L. (1999))

8 8 8 8 .
j——1+;_j+1+j+2+851(‘7)’ Yap =~
8 8 4
qu:—j_—lJr;—ij—l» Yoo = —
16 32 32
REER s T
24
_|_j-|-2

Y99 = —

y Vg = —




Two-loop universal anomalous dimension

Diagonalization in the Born Approximation

85,(j—2) 0 0
0 851(J) 0
0 0 85.(j+2)

851( — 1) 0

0 851(j—|—1)

Universal anomalous dimension

1
ir

UNU T = Yuni (5) , 7 0() = —451(j—2) — Z
1=1

Most complicated functions (A.K.,L.L. (2000))
Yuni (1) = @i (9) + @i (9) + @90 () + -
Two-loop dimension (A.K.,L.L.,V.V (2003))
Yars (572)/8 = 281(5) (S2(4)+S-2(4)) 2521 () +S5(5)




Three-loop anomalous dimension
QCD dimension matrix (S.M., J.V., A. V. (2004)
véfcn(j) = ..., h,k=g,q9
N=4 universal dimension (A.K.,L.L.,A.O0.,V.V.)
Yari - (9) = @Yumi () + 827,5()

Most complicated functions

Y2 (j42) =248 _5111-12 (S_311+S_212+ S_22.1)

+6 (3_4’1 + S—S,Z + 5_2,3) —3 5_5 — 2 53 S_Q — S5
—2 S% (3 5_3 + Sg — 2 5_271) a SQ (S_g I Sg — 2 5_2,1)

Harmonic sums




Comparison with other approaches

(A.K.,L.L.,A.O0.,V.V.)
Singularities at j =14+ w — 0

_n 4 A o1
Yomg () = e 323 6° + 32(3 a?’; A

DL resummation at 7 + 2r =w — 0

2
/yuni
w

a
w

Anomalous dimensions at large j

alN,.
.

Yuni = a(2) Inj, z = 46

Perturbative results

2 11
a = —z—|—71T—2z2— ﬁow4z3—|—...

Polyakov AdS/CFT prediction

31n2
lim a = —z1/2 + -
2—00 A

Resummation

2 2
-~ T, T 5 1 43
a = z—|—12a = z—|—12z 727Tz + ...




Results

Reggeization of gluons and quarks in QCD
Pomeron as a composite state of two reggeons
Odderon as a composite state of three reggeons
Mobius invariance of the BFKL equation
Holomorphic separability of BFKL Hamiltonian
Duality symmetry of BKP equations at N, — oo
Integrability of the BFKL dynamics at N, — oo

Effective action for reggeized gluon interactions

L.
24
3.
4.
D.
6.
7.
8.
9

. s- and t- chanel unitarity
10. Next-to-leading corrections to the BFKL equation

11. Remarkable properties of high energy dynamics
in N=4 SUSY




