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Problem [ Mueller, Patel (1994), lancu, Mueller (2003) ]

For correct interpretation of the scattering amplitude at high energy,
it is mandatory to take into account the rare fluctuations in the target.

@ Taking into account Pomeron Loops in evolution, which leads to
functional evolution equations;

@ In zero transverse dimensions (Toy Model) functional equations
<= Markov’s chain;

r(1 ->2)
ra->2)y
¢ r(2 ->1)

Pomeron and vertices of Pomeron interactions enhanced diagrams mean field approximation
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Markov’s chain (zero transverse dimensions)

Pol¥) — —F(1—2)nPy(Y) + M(L—2)(n—1)Py1(Y)
— T2 - 1" py) + 12— 1) p(Y)

Boundary Conditions:

fﬁ Pn(Y) =1
n=0
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Markov’s chain (zero transverse dimensions)

Po¥) — —T(1—2)nPy(Y) + ML —2)(n—1)Py_s(Y)

— (2 -1 py) + 12— 1)20 p(Y)

Boundary Conditions:

§ Pn(Y) =1
n=0

v

@ Equation belong to general class of differential-difference
equations with polynomial coefficients.
@ In spite the big practical importance (Population Grows, Network

Communications, Queuing theory, ...), no general method for
solution of such equations has been developed yet.

N\
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From Markov’s chain to Partial Deferential Eq.

Two Equivalent Possibilities:
@ Langevin Equation (E.lancu, D.N.Triantafyllopoulos - 2004);
@ Fokker-Planck Equation (E.Levin, M.Lublinsky - 2004);

Generating Functional (A.Mueller 1995)

Equation for Generating Functional (Fokker-Planck Equation)

2
Z = u@-u) (-~ Z + 22)

where Y = (2 —1)y and ﬁ:%Zé»l

Initial and Boundary Conditions
Z(Y=0;u) =u and Z(Y;u=1) = Y2, Pa(Y) =1
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9 Evolution equation and its general properties
@ Sturm-Liouville problem
@ General properties of evolution equation
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Sturm-Liouville problem

Second-order partial differential equation of parabolic type:

9 = a(u)8UI2 +b(u)%

where  a(u) =u(l1—u) and b(u) = —ku(1 —u)

Separation of variables:

Z(Y,u) = %o: An Zn(u) ¥n(Y) = ni::lAn Zn(u) e~ MY

n=1

u dependence:

a(u) L2 4 p(u) W 4 )\ 7, (u) =0

du?
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Sturm-Liouville Problem

@ p(u) =exp [f %du] =e

b —K
@ s(u) = —ﬁexp [f %du] = u(ll_u)e u

Sturm-Liouville Eq.

S(U) 0Z(Y,u) _ 9 (p(u) 0Z(Y,u) )

oY ou ou

Without solving explicitly equation, we can say a lot about its solution !
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General properties of evolution equation

Eigenvalues

@ Exist the infinite set of the eigenvalues wp = —\n
Q All )\, are Real

Q M < X< A3 < .owith), — +00

© The multiplicity of each eigenvalue is equal to 1

© There can exist only a finite number of negative \,, but in our case
there are no negative eigenvalues A\, and A\; = 0 is the least

eigenvalue
Asymptotic behavior @ large n: n — oo:

An:ﬂz + O(l)
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General properties of evolution equation

Eigenfunction

© Eigenfunction Z,(u) has exactly n — 1 zeroes in the interval [0, 1]

@ Eigenfunctions Z,(u) and Zy,(u) are orthogonal with weight s(u):
fol dus(u)Zn(u)Zm(u) =0 for Nn#m

© An arbitrary function F (u), that satisfies the boundary conditions

can be expanded into absolute and uniformly convergent series in
eigenfunctions:

(o0}
F(u) = > FnZn(u); where Fn = 7,
n=1

du F(u) Zn(u)

S —r

Asymptotic behaviour @ Iarge n:

& (UH) ( u(1 u)) “sin (—n (% + arcsin(1—2u))) + O (%)
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Stationary Solution

Y = oo (Stationary Solution)

2
Fhew =0 = ult-u(-nE + 5F) =0

Solution, which satisfies boundary conditions:
Z(Y,u=0)=0, Z(Y,u=1)=1 is

Zasymp(Y = OO,U) ==

Z(Y :O,U) = Uu — Zasymp(Y :OO,U) = l—e =

1—er

Kozlov Misha (Tel-Aviv University)

Solution for the BFKL Pomeron Calculus in zero transverse dim

ensions



a The exact solution to the problem
@ Solution
@ Comparison of exact solution with approximate methods
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Constructing Hermitian Problem

Kolmogorov Backward —— Kolmogorov Forward (FP) equation:

Z - u(l-u) (—n‘g—ﬁ 4 ‘327%) Z(y,u) =u(—u)-Z(y,u)
~ ~ 2 g

Z - 2 (e Z0w) + 2 (ud-w-Z(y.u)
Constructing Hermitian Hamiltonian

Lep = 2a(u) + Zb(u) = 2b(u)e oW 2eow)

Potential:  ®(u) = Injb(u)] — [ &%) du’ = Infu(l —u)] — &

Kozlov Misha (Tel-Aviv University) Solution for the BFKL Pomeron Calculus in zero transverse dim ensions



Contracting Hermitian Operator

Eigenfunction:

IA—H ¢n(u) = An d)n(u) ________ = |A—FP 7/’n(u) = An Q,Z)n(u)
Yn(u) = e®W/2¢,(u)

@ Orthogonality: }ze“’(“) én(U) - pm(u) du = Tq/;n(u) - Ym(u)du = dpm

@ Completeness: e®) Y ¢n(u) - gn(u’) = > bn(U) - Ya(u’) = 5(u —u’)

v
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Contracting Hermitian Operator

Eigenfunction:

[ = e®W/2 [y g—oW)/2

EH ¢n(u) = A d)n(u) ________ v tFP ¢n(u) = A ¢n(u)

¥in(u) = €W/, (u)

@ Orthogonality: }ze“’(“) én(U) - pm(u) du = j’zzz)n(u) - Ym(u)du = dpm

@ Completeness: e®) 2 ¢n(U) - én(U’) =3 ¢n(u) - Yn(u’) = 6(u —u’)

S
S
.

In our particular case:

Zn(u)zlv ei(17) G (v) where v=1-2u

(1-2) ErGn(v) — 40 £6n(v) + {-w - 2 - H@- )} Go(v) = 0
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Prolate Angular Spheroidal Eq.

Sturm-Liouville problem <= Prolate Angular Spheroidal Eq.

dd_v ((1_U2) dSn,énz(jc,v)) + (An,m —c2v? — 1T:,2) Shm(c,v) =0

Equation for prolate spheroidal angular function with the fixed order
parameter m = 1 and arbitrary degree parameter n: Sy m—1(C = i%,v)

@ Le-Wei Li, Xiao-Kang Kang and Mook-Seng Leong, Jon Wiley & Son Inc. 2002.
@ P. Falloon, http://www.physics.uwa.edu.au/ falloon/spheroidal/spheroidal.html;
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Green’s function and General Solution

Green’s function for differential Eq. of parabolic type
s% = & [PVZ] - aWw)z + o(Y,v)

Z(Y,v)= o}\fq}(T’g) -G(Y —7,v,8)drdg + }28(5) -Z(0,8) - G(Y,v,&)d¢g

Y Y
+p(v1)fZ(Y,v1)-A1(y —7,v)dr + p(v2) [Z(Y,v2) - Ap(Y —7,v)dT
0

o0

G(Y,v,¢) = z W26 gxp (“AY),  [|Zall2 = [S(v) - Z2(v)dv

2 iz
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Green’s function and General Solution

Green’s function for differential Eq. of parabolic type
s% = & [PVZ] - aWw)z + o(Y,v)

Z(Y,v)= o}\fq}(T’g) -G(Y —7,v,8)drdg + }28(5) -Z(0,8) - G(Y,v,&)d¢g

Y Y
+p(v1) [Z(Y,v1) - Ay —7,v)dT + p(v2) [Z(Y,Vv2) - A(Y —7,v)dT
0 0

G(Y.v.6) = 3 2020 exp(-dnY),  [1Zalft = fs ) Z3(v)d
n=

Last transformation (For Initial and Boundary Conditions)

@ Z(Y,u):

Z(Y=0,u)=u, Z(Y,u=0)=0, Z(Y,u=1)=1
@ Z(Y;u)=2Z(Y;u)—Z(Y =0,u):

Z(Y=0,u)=0, Z(Y,u=0)=0, Z(Y,u=1)=0
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Green’s function and General Solution

u) :} }2 &(1,8) - G(Y —7,v,§)drd¢g
0V

— _ul-u)  gfu e An, i '
= ut et nzl( ) S (i5,1 - 2)

}d§Sn1( 4,5)( 1/1_52(37%(175))
=1

1Sna(ig,1-2u)l?

General properties of given solution

@ We found the exact analytical solution in terms of appropriate
eigenfunctions (Prolate Angular Spheroidal Functions)

@ Series is fast converged with n (practically, we need to take into
account only about 10 first terms)
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General Solution - u dependence

Z(y=const, u)
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Comparison of exact solution with approximate

methods

Aproximate methods

@ Semi-classical Approach

@ Mean field approximation

@ Mueller-Patel-Salam-lancu (MPSI) approximation
@ Exact solutionatu — 1

@ Perturbation Method
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Comparison of exact solution with approximate
methods

Aproximate methods

Semi-classical Approach

()

Mean field approximation
Mueller-Patel-Salam-lancu (MPSI) approximation
Exact solutionatu — 1

Perturbation Method

All of these methods have big difference from exact solution for the
BFKL Pomeron Calculus in zero transverse dimensions at energy
region: Y < 10.

Kozlov Misha (Tel-Aviv University) Solution for the BFKL Pomeron Calculus in zero transverse dim ensions



Exact solution and semi-classical solution

n=[x]+1

lfu > 1, NSC(Y;u) =1 — exp(sk(u—1)) z_jo 7(U)"Ln(x) € "5Y
- Scattering amplitude
u=0.6
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Exact solution and mean field approximation

. _ uerY
N(Y;u) =1 - T+u(erY —1)

12

Scattering amplitude
P u = 0'6

Kozlov Misha (Tel-Aviv University) Solution for the BFKL Pomeron Calculus in zero transverse dim ensions



Exact solution and MPSI approximation

N(Y.1) = 1= i o (o) T (0 o)

1.2

Scattering amplitude
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Outline

@ Summary
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Summary

@ We found exact solution in terms of appropriate eigenfunctions (Prolate
Angular Spheroidal Functions) for the BFKL Pomeron Calculus in zero
transverse dimensions.

@ This solution behaves quite different in comparison with previously
known solutions. Approximate methods are not trustable for Y < 10 .

@ Exact solution demonstrates Gray Disk behavior for the scattering
amplitude.

Open Problems

@ Which properties of BFKL Pomeron Calculus in zero transverse
dimensions will be preserved in higher dimensions (real QCD problem) ?

@ How we can extrapolate the new solution to more complicated cases
(i.e. when we take into account also '(1 — 3) contributions) ?
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Extra - The scalar equation and spheroidal harmonics (1)

Scalar wave equation
(V2 + k¥ = 0

Prolate and oblate coordinates

The prolate and oblate coordinates are two of the eleven coordinate systems for which
the (scalar) wave equation separates into three ordinary differential equations:

¥ = Smn(C)(n) Rmn(c)(&) e

Denoting: d = Interfocal Distance and c

Il
N[
=~
o

Prolate coordinates

V(L —7?)(€? +1) cos(x)

5 3
y = & VT P)E@ 1) sin(y) y = & /A= R)E+1) sin(y)
z %775 Z—%nf
-1<n<1l 1<€&<o0, 0<p <2 —1<n<1 0<¢E<o0, 0<p<2n

(T —)(&@ — 1) cos(y) x =
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Extra - Scalar wave equation and spheroidal harmonics (2)

Scalar wave equation in prolate coordinates:

2(a-"2) + 2(@-1)%) + @Sty 2% + (@

1-n?) 8¢

-’ =

0 2 ((1-n?) ZmO@W) 4 (Am(c) — c2n? — G2or) Sm(c)(n) =
® & ((¢—1) o) — (N(c) - € + Fop5) Ren(C)() =

Scalar wave equation in oblate coordinates:
2 3 2 o &24n? 2% 2042 2 _
%(a-m5 )*%(“*”%)*Mﬁw*cﬁﬂ)w—o

O & ((1—n) o) 4 (amic) + e — )smn(nc)(rn

® 2 ((2—1) Em®O) _ (ju(ic) — 26 — o) Rmn(ic)(e) =

Prolate «+—— Oblate <=

A,

{c —ic, & — i€}
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Extra - Scalar wave equation and spheroidal harmonics (3)

Sﬁ;ﬁ(c, n) are generalized Associated Legendre Functions

@ Sin(c.n) = dm“(C) Pk (1)

@ Shn(c,n) = , d"(c) Qi (m)

ernﬁ(cf) are generalized Bessel Functions

O Rin(c.6) = (€-1)"2 (O™ 5 a"(e) () E== Lecoses -

O Rin(,8) = (2-1™2() ™ X aM(e) NIy () = Lesinfos -

3(n+1)m]

3(n+ 1)a]

v

R%ﬁ(c,f) are generalized Hankel Functions

° R%n(cvg) = Rl’}m(cvg) + IR%‘IH(C7§)

o Rr?m(cvg) = Rr%m(cvg) - iR%n(C,{)
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Extra - Forward and Backward master equations (1)

Discrete Birth and Dead random process, continuous in time:
Pam(t’) = {state m attime t=0 — state n attime t=t"}
@ Forward master equation:
4P m(t) = A_1-P t)— (A Ppm(t P t
dt n,m() n—1 n—l,m() ( n+Hn) n,m( )+Hn+1 n+1,m()

@ Backward master equation:
GPam(t) = pm - Pomo1(t) = (Am + m) - Pom(t) + Am - Pnmea(t)

v

Transformation to PDE

Introducing the small parameterh: h — 0

® h- (An(h) — un(h)) = a(n-h) +O(h)
® 2 (An(h) — n(h)) = b(n-h) +O(h)

Denoting {x = n-h, y = n-h} weget Pym(t) = P(x|y,t)
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Extra - Forward and Backward master equations (2)

Stochastic PDEs

P(x]y,t) - probability that the random variable has the value x at time t
given that it had the value att = O:

P(xly,t') = {y attime t=0 — x attime t=t'}

@ Forward Kolmogorov diffusion (Fokker-PIanck) equation:
PO — — B [a(x) - P(xly,t)] + 3 2z [b(x)-P(xly,t)]
@ Backward Kolmogorov diffusion equation:

2
BP(gt|y,t) _ a(y) IP( x|yt) + %b(y) e Pa(;/(iy,t)
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