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Gluon reggeization at high energies

Elastic scattering

A + B → A′ + B′

Regge kinematics

s = 4E2 ≫ −t = |q|2 ≈ E2 θ2

QCD Born amplitude

MA′B′

AB (s, t)|Born = g T c
A′A δλA′λA

2s

t
g T c

B′B δλB′λB

Leading logarithmic approximation

MA′B′

AB (s, t) = MA′B′

AB (s, t)|Born sω(t),

αs ln s ∼ 1 , αs =
g2

4π
≪ 1

Gluon Regge trajectory in LLA

ω(−|q|2) = −αsNc

4π2

∫
d2k

|q|2
|k|2|q − k|2 ≈ −αsNc

2π
ln

|q2|
λ2

Non-perturbative string-type corrections

ω(t) = ω(t) + α′t + ...



String model

Duality in the string model

A(s, t, u) = A(s, t) + A(u, t) + A(s, u) ,

A(s, t) =
∑

i

ci(s)

t − ti
=
∑

i

ci(t)

s − si

Linear Regge tajectories

j = j0 + α′t

Critical intercepts for Graviton and gluon

jG
0 = 2 , jg

0 = 1

Vertex for the RNS super-string

V (z, ϑ; k, ξ) = ξ D X e−ikX , D(z, ϑ) = ∂z + ϑ ∂ϑ

Superfield correlator
〈

XM (z, ϑ)XN(z′, ϑ′)

〉
= 2α′ηMN ln(z − z′ − ϑϑ′)

Chan-Paton factors

An({kj , ξj}) =
∑

(r)

T(r)A
(r)
n ({kj , ξj}) , T(r) = tr

n∏

r=1

λjr



Elastic scattering amplitude

Multi-gluon correlator

A(r)
n ({kj , ξj}) = gn−2(zj1 − zj2)(zj1 − zjn

)(zj2 − zjn
)

×
∫

θ(zj2 − zj3)
n−1∏

s=3

θ(zjs
− zjs+1

)dzjs

n∏

r=1

dϑjr

×
〈

V (zj1 , ϑj1 ; kj1 , ξj1) . . . V (zjn
, ϑjn

; kjn
, ξjn

)

〉

Asymptotics of the elastic amplitude

A
(a′b′)
(ab) = −2g2α′sΓ(−α′t)(α′s)α′t(ξaξa′)(ξbξb′)

×
{
∑

s

fjaja′sfsjbjb′
(e−πiα′t + 1)

+(e−πiα′t − 1)

[
δjaja′ δjbjb′

n
+
∑

s

djaja′sdsjbjb′

]}

Soft Pomeron contribution

A
(a′b′)
(ab) ∼ Γ(−α′t) (e−πiα′t − 1) δλaλa′ δλbλb′

(α′s)1+α′t



Gluon Regge trajectory

Perturbative expansion

ω(t) = α′t + ω1(t)

One loop correction in the O(32)-model

ω1(t) = −8g2n

∫ 1

−1

dλ

λ

∫ 1

0

dν2
(sinπν2)

2

(1 + L1

(
L2

1 + L1

)−α′t

L1 = −2
∞∑

n=1

λn (1 − λn)2

(1 − 2λn cos 2πν2 + λ2n)2

L2 =

∞∏

n=1

(1 − λn)4

(1 − 2λn cos 2πν2 + λ2n)2

Renormalized correction in the U(Nc)-model

ω1(t) = −8g2Nc

∫ 1

0

dλ

λ

∫ 1

0

dν2
(sinπν2)

2

1 + L1

×
((

L2

1 + L1

)−α′t

− 1

)

Correction to the pomeron trajectory

ωP
1 (t) ≈ ω1(t)



Multi-particle production

Multi-Regge kinematics

s ≫ sr = (kr−1 + kr)
2 ≫ q2

r , κ2
r =

sr sr+1

(kr−1 + kr+1)2

Production amplitude

A = 2 s gT c1

A′A δλA′λA

s
ω(t1)
1

t1
g T d1

c2c1
C(q2, q1)...gT c

B′B δλB′λB

BFKL equation
(
ω − ω1(−l2) − ω1(−(q − l)2)

)
fω(ω; q; l, l1)

= Î(q; l, l1) +
g2Nccs

(2π)D−1

∫
Î(q; l, l′)f (s)

ω (q; l′, l1)d
D−2l′

Massless contribution

(κ2
0)

2Ĩ0(q; l, l
′) = α′[−q2+(l′)2+(q−l′)2]J−1,0

l′,l J−1,0
q−l′,q−l

−α′[l2J−1,−1
l′,l J0,0

q−l′,q−l+(q−l)2J0,0
l′,l J

−1,−1
q−l′,q−l]−J0,0

l′,l J
−1,0
q−l′,q−l

−J−1,0
l′,l J0,0

q−l′,q−l , Jr′,r
l′,l =

∫ ∞

0

dte−tta(z + t)b ,

a = −(−1)r′

α′l′+r′ , b = −(−1)rα′l+r , z = α′(l−l′)2)



Massive particle production

Ultaviolet divergency in M2
r

Sω(q; l, l′) ∼
∞∑

α′M2
r =1

(α′M2
r )−ω−α′q2

M2
r

Massive particle contribution

Sω(q; l, l′) ≈ α′ 3[q2 − l2 − (q − l)2][q2 − l′ 2 − (q − l′)2]

ω + α′q2

×
[
F̃ (α′(l′)2, α′(q − l′)2; α′q2 − α′(l′)2 − α′(q − l′)2)

+F̃ (1 − α′q2, α′(q − l′)2; α′q2 − α′(l′)2 − α′(q − l′)2)

+F̃ (1 − α′q2, α′(l′)2; α′q2 − α′(l′)2 − α′(q − l′)2)

]
,

F̃ (a, b, c) =

∫ 1

0

df

∫ 1

0

dyfa+b−1(1+f+fy)c−1[yb−1+ya−1]

Small momenta asymptotics and soft Pomeron

Ssing
ω (q; l, l′) =

[q2 − l2 − (q − l)2][q2 − l′ 2 − (q − l′)2]

α′ −1(ω + α′q2)(l′)2(q − l′)2



Four-dimension case

Equation with linear gluon trajectories

ωφ = K̂ φ , K̂ = K̂BFKL − α′|p|21 − α′|p|22

Small-t asymptotics

α′~q 2 ≪ g2 Nc

Solution at small ρ

E
m,m̃

(~q, ~ρ) ∼ ρm (ρ∗)m̃ + e
i δ

m,m̃
(~q)

ρ1−m (ρ∗)1−m̃ ,

e
i δm,m(~q)

|n=0
=

( |q|
4

)−4iν
Γ2(1 + iν)

Γ2(1 − iν)

Diffusion approximation

Eφ =
(
−4 ln 2 − 14 ζ(3) (∂/∂z)2 + λez

)
φ ,

z = ln(α′k2) , λ =
4π2

g2Nc

Quantization of Pomeron trajectories

2

√
Er + 4 ln 2

14 ζ(3)
ln

(
7ζ(3) g2 Nc

2π2α′~q2

)
= 2π(r + 1/4)



BFKL equation in N = 4 SUSY (A.K., L.L.)

Eigenvalue of the kernel

ω = 4 â χ(n, γ) + 4 â2 ∆(n, γ) , â = g2Nc/(16π
2)

Non-analyticity in QCD

∆QCD(n, γ) = c0δn,0 + c2δn,0 + ...

Hermitial separability in N = 4 SUSY

∆(n, γ) = φ(M)+φ(M∗)−ρ(M) + ρ(M∗)

2â/ω
, M = γ+

|n|
2

,

ρ(M) = β′(M)+
1

2
ζ(2) , β′(z) =

1

4

[
Ψ′
(z + 1

2

)
−Ψ′

(z

2

)]

Property of maximal complexity

φ(M) = 3ζ(3)+Ψ
′′

(M)−2Φ(M)+2β
′

(M)
(
Ψ(1)−Ψ(M)

)
,

Φ(M) =
∞∑

k=0

β′(k + 1)

k + M
+

∞∑

k=0

(−1)k

k + M

(
Ψ′(k + 1) − Ψ(k + 1) − Ψ(1)

k + M

)



Relation between BFKL and DGLAP equations

Operator expansion of the Green function

< φ(−→ρ1) φ(−→ρ2) φ(−→ρ1′) φ(−→ρ2′) >

∼< φ(−→ρ1) φ(−→ρ2)
∑

n

|ρ1′2′ |2Γω(n)

(
ρ1′2′

ρ∗1′2′

) |n|
2

O|n|,νω
(−→ρ1′) >

Perturbative expansion

Γω = 1 +
|n|
2

− γn(ω) , γn(ω)|ω→0 =
g2Nc

4π2ω
+ O(g4)

Hypothesis about γ(j) (A.K., L.L. (2000))

lim
j→−r

γ(j) = lim
|n|→−r−1

γn(j + r)

Predictions (A.K., L.L. (2003))

γ(j)|j→−r =
g2Nc

4π2

1

j + r
+

(
g2Nc

4π2

)2
1 + (−1)r

2(j + r)3
+ ...

Independent calculation (L.L. (1997))

γ(j) =
g2Nc

16π2
γLLA(j), γLLA(j) = 4

(
Ψ(1)−Ψ(j−1)

)

Integrable Heisenberg spin model (L.L. (1997))



One loop anomalous dimensions

Wilson twist-2 operators

Og
µ1,...,µj

= ŜGa
ρµ1

Dµ2
Dµ3

...Dµj−1
Ga

ρµj
,

Õg
µ1,...,µj

= ŜGa
ρµ1

Dµ2
Dµ3

...Dµj−1
G̃a

ρµj
,

Oq
µ1,...,µj

= ŜΨ̄aγµ1
Dµ2

...Dµj
Ψa ,

Õq
µ1,...,µj

= ŜΨ̄aγ5γµ1
Dµ2

...Dµj
Ψa ,

Oϕ
µ1,...,µj

= ŜΦ̄aDµ1
Dµ2

...Dµj
Φa

Anomalous dimension matrix (L.L. (1999))

γgg = − 8

j − 1
+

8

j
− 8

j + 1
+

8

j + 2
+8S1(j) , γqϕ = −16

j
,

γgq = − 8

j − 1
+

8

j
− 4

j + 1
, γgϕ = − 8

j − 1
+

8

j
,

γqg = −16

j
+

32

j + 1
− 32

j + 2
, γqq = −16

j
+

16

j + 1
+8S1(j),

γϕg = − 24

j + 1
+

24

j + 2
, γϕq = − 12

j + 1
, γϕϕ = 8S1(j),

γ̃gg = −16

j
+

16

j + 1
+ 8S1(j) , γ̃gq = −8

j
+

4

j + 1
,

γ̃qg =
16

j
− 32

j + 1
, γ̃qq =

8

j
− 8

j + 1
+ 8S1(j)



Two-loop universal anomalous dimension

Diagonalization in the Born Approximation

8S1(j − 2) 0 0

0 8S1(j) 0

0 0 8S1(j + 2)

,

8S1(j − 1) 0

0 8S1(j + 1)

Universal anomalous dimension

UγU+ = γuni(j) , γ
(0)
uni(j) = −4S1(j−2) , Sr(j) =

j∑

i=1

1

ir

Most transcendental functions (A.K.,L.L. (2000))

γuni(j) = âγ
(0)
uni(j) + â2γ

(1)
uni(j) + â3γ

(2)
uni(j) + ...

Two-loop dimension (A.K.,L.L.,V.V (2003))

γ
(1)
uni(j+2)/8 = 2S1(j)

(
S2(j)+S−2(j)

)
−2S−2,1(j)+S3(j)

+S−3(j), S−r(j) =

j∑

i=1

(−1)i

ir
, S−2,1 =

j∑

m=1

(−1)m

m2
S1(m)



Three-loop anomalous dimension

QCD dimension matrix (S.M., J.V., A. V. (2004)

γik
QCD(j) = ...., i, k = g, q

N=4 universal dimension (A.K.,L.L.,A.O.,V.V.)

γN=4
uni (j) = âγ

(0)
uni(j) + â2γ

(1)
uni(j) + â3γ

(2)
uni(j) + ... ,

γ
(2)
uni(j + 2)/32 = −12 (S−3,1,1 + S−2,1,2 + S−2,2,1)

+6 (S−4,1 + S−3,2 + S−2,3) − 3 S−5 − 2 S3 S−2 − S5

−2 S2
1 (3 S−3 + S3 − 2 S−2,1)−S2 (S−3 + S3 − 2 S−2,1)

+24 S−2,1,1,1 − S1

(
8S−4 + S2

−2 + 4S2S−2 + 2S2
2

)

−S1 (3S4 − 12S−3,1 − 10S−2,2 + 16S−2,1,1)

Harmonic sums

Sa(j) =

j∑

m=1

1

ma
, Sa,b,c,···(j) =

j∑

m=1

1

ma
Sb,c,···(m) ,

S−a(j) =

j∑

m=1

(−1)m

ma
, S−a,b,···(j) =

j∑

m=1

(−1)m

ma
Sb,···(m),

S−a,b,c···(j) = (−1)jS−a,b,...(j)+S−a,b,···(∞)
(
1−(−1)j

)



Comparison with other approaches

(A.K.,L.L.,A.O.,V.V.)

Singularities at j = 1 + ω → 0

γN=4
uni (j) = â

4

ω
− 32ζ3 â2 + 32ζ3 â3 1

ω
+ ...

DL resummation at j + 2r = ω → 0

γuni = 4
â

ω
+

γ2
uni

ω

Anomalous dimensions at large j

γuni = a(z) ln j , z =
αNc

π
= 4â

Perturbative results

a = −z +
π2

12
z2 − 11

720
π4z3 + ...

Polyakov AdS/CFT prediction

lim
z→∞

a = −z1/2 +
3 ln 2

4π
+ ...

Resummation

ã = −z +
π2

12
ã2 = −z +

π2

12
z2 − 1

72
π4z3 + ...



Pomeron and graviton at N = 4 SUSY (OKLV)

BFKL Pomeron in a diffusion approximation

j = 2 − ∆ − D ν2

Anomalous dimension of twist-2 operators

γ = 1 +
j − 2

2
+ iν

Constraint from the conservation of Tµν

γ = (j − 2)

(
1

2
− 1/∆

1 +
√

1 + (j − 2)/∆

)

AdS/CFT for the graviton Regge trajectry

j = 2 +
α′

2
t , t = E2/R2 , α′ =

R2

2
∆

Large coupling asymptotics

γ|z→∞ = −
√

j − 2 ∆
−1/2
|j→∞ =

√
πj z1/4

Pomeron intercept at large α and its perturbative

estimate

j = 2 − ∆ , ∆ =
1

π
z−1/2 ≈

√
3

2π
z−1/2



Resummation of the DGLAP and BFKL equations

Slope of the anomalous dimension

γ′(2) =
1

2
− 1

2∆
= −π2

6
z +

π4

72
z2 − π6

540
z3 + ...

Resummation equation

π2

6
z = −b̃ +

1

2
b̃2 , b = γ′(2)

Weak and strong coupling asymptotics

b̃ = −π2

6
z +

π4

72
z2 − π6

432
z3 + ... , ∆̃ =

√
3

2π
z−1/2

Two loop BFKL results

ω0 = 1 − ∆ = 4 ln 2 z − a1 z2 + ...

D = 14 ζ(3) z − b1z
2 + ... , ζ(3) =

∞∑

n=1

1

n3

Resummation for large couplings

4 ln 2 z =
(1 − ∆) −

(
2 − a1 (4 ln 2)−2

)
(1 − ∆)2

∆2

14 ζ(3) z =
1 −

√
1 − 2 D3 + cD4

D2



Discussion

1. Gluon reggeization beyond perturbation theory

2. Soft pomeron in string theories

3. Non-multi-Regge kinematics

4. Duality and bootstrap in the string model

5. Quantization of Pomeron trajectories

6. BFKL equation in N = 4 SUSY

7. Calculation of anomalous dimensions

8. Transcedentality and integrability

9. AdS/CFT correspondence for large j

10. Resummation of the perturbation theory

11. Duality between the Pomeron and graviton

12. Pomeron intercept in the strong coupling

13. Possible integrability of N = 4 SUSY


