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® Introduction:
o BFKL approach
o Colour dipole picture
# Motivation for transformation of the BFKL kernel to the coordinate
representation

® The dipole (M06bius) representation of the BFKL kernel in the LO

® The dipole representation of the NLO BFKL
o Uncertainty in the NLO BFKL kernel
The form of the kernel in the dipole representation
The quark contribution
The gluon contribution
SUSY BFKL
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In the BFKL approach scattering amplitudes A4 »" are presented in the form :

(I)A’A 029 G &) (I)B’B'

Impact factors ® 4.4 and ¢ g/ g describe transitions
A— A" and B — B,

(G — Green’s function for two interacting
Reggeized gluons,

- YK
G=e ",

Y =In(s/sg), K —BFKL kernel,

AN

K=Q+K,
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BFKL approach

I/C\ — ﬁ + I/C\r
Q = w(q1) + w(@) — the “virtual” part, (q;|@:|q) = 0(F; — §)w(q;)
w(q)— the gluon Regge trajectory;

In the leading order at D = 4 + 2e:

g*N.I'(1 —¢€)2

w(l) (@ — (47_‘_)2_|_€ E(@e

In the next-to-leading order in the limite — 0

(@) = w (@) (1 N w(ljl(cﬂ [11 n (QC(Q) _ 6_7)€+ (% — 2((3))€2D

3

V.S. F, R. Fiore and M.I. Kotsky, 1996;
J. Bluemlein, V. Ravindran, W.L. van Neerven, 1998:
V.Del Duca, E.W.N. Glover, 2001.
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AN

IC,, — the “real” part,

<§1,J2‘I€r|§1/,i2/> — 5(J_ q_)/) q—»gq—»QIC?“(_)la _’1/;@7 (7: _’1 + 1 — q_)2 + q_)2/'
1 412

In the leading order

2 2222 | 22 272
L 9°Neer [ 47 Q" + @54 s
IC?(QMQ%J)I > < L= 221 —q2>

2m)P=t\ (@ -4 )?
Only one structure with coefficients depending from ¢t—channel colour states.

Possible representations of the colour group in the t—channel
1,84,8,,10,10,27.

1 1
c1=1, cs =C8. = g c10 =cg =0, C27=—4NC

a
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In the next-to-leading order

Each of the IEQG and IEGG has two independent terms with different colour coefficients.
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The colour group diagrams

>

For the colour singlet in the t-channel the colour coefficients

= Tr (T°T*
‘= yaviopn )
a; = ! Tr (TT*T°T"), b = : Tr (TT°TT")
NE(Ne —1) | NE(N; = 1)

SCHOOL ON QCD, LOW X PHYSICS, SATURATION AND DIFFRACTION; Copanello (Calabria, Italy), July 1 - 14 2007 — p. 5/30



The group generators

T =t for quarks,

T2 = —ife for gluons.

Instead of contributions with the colour coefficient a; and b, it IS convenient to consider
the contributions with the coefficients a; — b; and b;. We call them "non-Abelian" and
"Abelian", or "symmetric", contributions. We have

a; — by = % both for the fundamental and adjoint representation;

b1 = —ﬁ and b; = % for the fundamental and adjoint representations.

IET IS found in the NLO both for the forward scattering

l.e. for t = 0 and color singlet (Pomeron) in the ¢-channel, and for any fixed ¢ and any
possible color state in the ¢t-channel
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The Pomeron channel is the most important for phenomenological applications,
although from the theoretical point of view the color octet case seems to be even more
Important because of the gluon Reggeization.

In the Pomeron channel infrared divergencies of “virtual” and “real” parts cancel.

The remarkable property of the LO colour singlet kernel — invariance with respect to
the conformal transformations of coordinates in the transverse two-dimensional space
r=(z,y)

az +b

cz+d’

where z = x + 1y, a,b,c,d are complex numbers

z —
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In the color dipole approach

y 1z Y
Z
~* scattering is considered as ~* splitting into
a qq colour dipole with subsequent gq scat-
tering. The important point is conservation of D D
transverse coordinates of the dipole compo-
nents.

1
07*(56,622) = /d2r/0 dz\\IJV*(r,z,Q2)\20dp(r, T),

x=Q?/s, V.(r, z Q%) is the photon wave function, z is the longitudinal momentum
fraction carried by the quark, ¥ = r; — r5, r1 and r; are the quark and antiquark
transverse coordinates, o4,(r, z) is the dipole cross section,
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O'dp(’l”‘,ﬂj‘) :2/d2b./\/’(771,7?2;Y);

b= (7 + ) /2 is the impact parameter, Y = log(1/z), N (71, 7;Y) is the the
Imaginary part of the dipole scattering amplitude obeying the equation

ON =~
ay = Kain);

R o as N, T . . . . .

(P17 | Kaip|T Ty ) = ——- /d2 772132 0(711)0(72p) + 0(T22/)0(71p) — 6(711/)d(7227))
1p 2p

ﬁj:/ﬁi_f}) rip—rz ,07 ng’—rz_rja

with the non-linear extension (BK equation) for S =1 — N

0S(r1,72;Y g N 5 r12
— d°p=5—=5 [S(r1, p,Y)S(p,72,Y) — S(71,72,Y)]
oY 7“12,)7“22p
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A clear understanding of the relation between the BFKL and colour dipole approaches
IS very important. It could help in further development of the theoretical description of
small-x processes.

Since the colour dipole approach is developed in the coordinate representation, the
relation can be investigated by transformation of the BFKL approach in this
representation.

There are additional reasons for considering the BFKL kernel in the coordinate
representation in the transverse space:

It reveals conformal properties of the kernel.

Evidently, the conformal invariance is violated by renormalization. One may wonder,
however, whether the renormalization is the only source of the violation. If so, one can
expect the conformal invariance of the NLO BFKL kernel in supersymmetric extensions
of QCD.

The complexity of the NLO BFKL kernel in the momentum representation. The colour
singlet kernel for ¢ # 0 is found in the NLO in the form of the intricate two-dimensional
Integral. The hope was on its simplification.
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Motivation

Relation between the BFKL and the color dipole approaches in the LO was discussed
many times.

With the advent of the color dipole approach it was affirmed that it is equivalent to the
BFKL.

Recently, the relation of the non-linear generalizations was analyzed

J. Bartels, L. N. Lipatov, G. P. Vacca, 2004,

J. Bartels, L. N. Lipatov, M. Salvadore, G. P. Vacca, 2005.

The extension of the analysis to the NLO was started in 2006 both from the dipole
Ya. Balitsky, 2006,

Yu. Kovchegov, 2006

and the BFKL

V.S. F, R. Fiore, A. Papa, 2006,

V.S. F, R. Fiore, A.V. Grabovsky, A. Papa, 2007

side.
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In the LO the comparison of two approaches can be performed absolutely rigorously, at
D = 4 + 2¢. Since the dipole kernel is determined by the probability of the soft gluon

emission by gq pair

dD Qk k k7 ik
20&N|/27TD2k2 1p—ek2P)‘2

2
. OéSNC F(l —I—E) 2 Flp ng
92 € _2(1—|—e) 7;2(1—}-6) ’

1p 2p

we have

2
2 2 — —
= = —/ =\ g NCF (1 + 6) 24-2e¢ T'1p "2p
<T1r2|lcd’ip‘r1 r2> - 87T3+2€ d P _2(14¢) o _2(14¢)
Tlp TQ,O

(0(m117)0(T2p) + 0(722/ )0 (1) — 0(711/)0(T227))
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The direct Fourier transform of the BFKL kernel gives

~ 2N F2(1 —|—€) 5(7711/) 5(7722/) 5(771/2/>7711/7722/
- — e AN —/ =/ &
(e |K|rTy) = <T1T2|Kdzp‘rl T) = Q7 3+2¢ 20142 T 21420 ~ 720146 2(1+)
T1o/ Ta1/ 117 Ty
The BFKL kernel is not equivalent to the dipole one. Actually the first one is more
general than the second. This is clear, because the BFKL kernel can be applied not

only in the case of scattering of colourless objects.

However, when applied to the latter case, we can use the “dipole” and “gauge
Invariance” properties of targets and projectiles

and omit the terms in the kernel proportional to §(7o/), as well as change the terms
Independent either of 7, or of 5 In such a way that the resulting kernel becomes
conserving the “dipole” property, i.e. the property which provides the vanishing of
cross-sections for scattering of zero-size dipoles. The coordinate representation of the
kernel obtained in such a way is what we call the dipole form of the BFKL kernel.
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For colourless objects the impact factors in the scattering amplitudes

— — A’ B’ 2 I 1LY K 1 /

5(QA — QB)AAB — 8(27T)D_2 <A A|6 5,125,22 ‘B B>
are “gauge invariant” (A’A|q,0) = (A’A|0,§) = 0. Therefore (A’ A|¥) = 0 if {7y, 7| P)
does not depend either on i, or on 5. <A’[1\I€ IS “gauge invariant” as well, because
(T, 3| K |7, @) vanishes at §; = 0 or ¢, = 0. It means that we can change
In) = (q2G2)""|B'B) for |Ing), where |Ing) has the “dipole” property (7, #Ing) = 0.
After this one can omit the terms in the kernel proportional to §(7.2/), as well as
change the terms independent either of 7 or of 75 in such a way that the resulting
kernel becomes conserving the “dipole” property.
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The scattering amplitudes

!/ ’L — e 1 —
5(a — qB)AGE = (A’ Ale¥* ——|B'B)
o 8(2m) P2 72G3
are invariant under the transformation
. PN _ N . 1
K—O01'Ko, (AAl - (AAO, ——|B'B) - 0! |B'B) .
72 22 22 22
qq q dids

After fixation of the LO kernel transformations with © = 1 — O, where O ~ ¢2, are still
possible. At the NLO we get

K—K-[K®#, 0],
where K(8) is the leading order kernel.

We will use

A ag(p) 11 2 ~o 2,
0= -5 (G Ne = gno)n (a7
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In the NLO the dipole form can be written as

o o Q2()NZ| . 0
(P17 | KO |7 Ty ) = 5533 [5(7“11f)5(7“22/) / dp g° (71, 723 P)

+0(7117) g (71, To; 7y ) + 0(Ta0r ) (T, T1; 7 ) + —g(71, T3 77 "72/)]

with the functions ¢ turning into zero when their first two arguments coincide.

The first three terms contain ultraviolet singularities which cancel in their sum, as well
as in the LO, with account of the “dipole” property of the “target” impact factors. The

coefficient of §(7711/)d(722/) IS written in the integral form in order to make the
cancellation evident.
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The “non-Abelian” (leading in N.) part of the quark contribution is known at arbitrary D
( ).

Its dipole form is found ( ) at arbitrary D as well.
However, the transformation is rather complicated. In the physical space-time
dimension D = 4 the dipole form can be obtained in a much easier way, starting from
the renormalized BFKL kernel at D = 4 in a specific form.
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AN

(@13IKL|016) = 6(7— 7 )ER(h, 413 )
Q= . O‘?(M) 4Ny 6722 6722 1 k2§»22 3
Fr (Q17q17q_> 2 o7 o7 n 2—>2__
167 3 Gik?2 | gik? peqs 3

q° (, k@ 5\ @ [, @@ 5
+ =\l 5]  ==mllhm5 3 :
gikz\ prqt 3 7 G5 qgeps 3

The singularities must be regularized by limitations on integration regions k2> )2 and
(7, — k)2 > A2 with ) tending to zero or in an equivalent way.
The contribution to the dipole form

) -9 D D D
gQ(Tl,TQ,,O) — _gQ(T17T2710) _ 3N D =D 1 — + - 2 n =2 ?
c \T1p"2p T12 T1p72p T2
_)2 o 5 2. — - =] =/ _
In 7 _—§+2¢(1)—ln%, gonA(T1,7T2; 7], 7y) = 0.

The result agrees with
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In the momentum representation the “Abelian” contribution was calculated many years
ago in the framework of QED.

It is given by the “box” and “cross-box” diagrams and is suppressed by the factor 1/N?2.
It does not contain neither ultraviolet nor infrared divergencies, so that from the
beginning it can be taken at D = 4.

In the momentum representation this contribution is the most complicated one.

It this representation it is obtained only in the form of the two-dimensional integral over
Feynman parameters.

It is better to start with this contribution before integration over momenta of produced
guarks.
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> o Dal— o S5 4 ozgn —2 1 d2k -
(@0 IR ) = 60— 0 ) iy s | o [ P i)
0

- - 2qakt) + 7 2(ghke) + G2
F(q1,q2;k1,k2) :$(1—$)< ( (QQ 1) QQ 4+ (Q2 2) Q2 )
011 0921 012 022
7% (2(¢1k1) — q7) /1 1 q?(2(k1) + 35 /1 1
: L) ()
2011 022 012 2012 011 021
1 LT N LN o a7 e K2
+ —2(q1k1)(02G5) — 2(@k1) (1 q1) + (35 — @) (kak) + @7 d” — ——
011012 2

WhereE1+E2:E:§1— 1 — (4o — (2
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It contributes only to g7, 72; 7, 75 ):

f iy ) = ng 1 (r12,7"1,2 + T Tanr — TiaT ror 1 T2 1)
R 3 =4 22 22 22 22 22 =22
NC r1/2/ 2(7/.12/7/.1/2 - Tll/r22/) r11/7122/

It coincides with the corresponding part of the quark contribution to the dipole kernel

It turns out that the dipole form of the Abelian” part of the quark contribution is quite
simple as compared with the very complicated form in the momentum representation.
Moreover, it is conformal invariant.

It could be especially interesting for the QED Pomeron.

However, one has to remember that in QED the use of the dipole form is limited to
scattering of neutral objects, as well as that the conformal invariance is broken by
masses.
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Evidently the main and the most important part of the BFKL kernel is given by thegluon
contribution.
In the colour singlet channel it can written as

where the “planar” part

Ry = 01 + oy 1+ 260 4 LU [lﬁ(B% In (512522)] ,
241
I@,QS) IS the real part of the colour octet kernel;
the “symmetric” part (7, ¢2|K,|G;, @) is finite in the limit ¢ = 0. Moreover, it does not
give terms divergent in e = 0 by action of the kernel, since it has no non-integrable
singularities in the limit e = 0.
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Omitting terms with (7.2, ), we reduce the NLO piece of the “planar” part to the form:

) 2 2 . . .
(@ B0l ) — 2N [—5@11/)5(@22/) ( [k (VB +VEE-0) —37r<<3>>

473
9
)+ ()

(@F)? | @+Rd <<E22> .\ <q1q2>> (@ >]I(42 12 2

\V]

S(a—a\iV(k)+2V (k. q (#1#2)1 7 1 T
+4(7—q") (k) +2V(k,q1) + o oo 72 1 72

— Q1 7Q1 ’
6112

1 —2 =2 272 —2 1 —2 =2 =2
(8] () e () (B ()
2 da k4 q1 1 k4

1 671’2) ((112672’2) ((132) (@1’2@’2)] } /
+ — In (T In ——= | + In —= In 5 + ((71 = 527 (T A Jl) )
q12 ] L2 q22q1/2 q 2 q 4 1 2
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[(dF.a ' 72 >/ 2
— 1 +
(Q12791/2,k2) /0 dx CI1( x) 5l f) .

= In =

72(1— )+ ¢ %x — k2x(1 — x) < k2x(1 — )

The singularities must be regularized by limitations on integration regions k2> A2 and
(7; — k)2 > A2 with \ tending to zero or in an equivalent way.
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The “symmetric ” part does not contain neither ultraviolet nor infrared divergencies, so
that from the beginning it can be taken at D = 4.

In the momentum representation this contribution is the most complicated one.

It this representation it is obtained only in the form of the two-dimensional integral over
Feynman parameters.

It is better to start with this contribution before integration over momenta of produced
guarks.

For the total gluon contributions we obtain

— =2 =2 — -2 =22
0(m = 3 75 1p "2p 11| 75 T1p"2p
g (F,725p) = 55557 In In - n
A Yy A Fg | 12 |FEi2 r
1p' 2p 12 12 1p' 2p Y
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T 72\ 11/ 1 1
9(r,72:75) = =5 = hl(ﬁ)Jr - <a2 - ~2)1

2
ToorT19 U Togr  T19

1 1 T'1o 1 19 19 1 12 1 19
-+ n n — n n
277 7 2 2 7 7,2 72 72, )
2927 227 12/ 22119/ 292/ 12/

Inr2 = 2¢(1) — In ‘f ~ 131 (697 - 2g(2)) .

Both ¢° (71, 75; p) and g(71, 7»; p) vanish at 7, = 5. Then, these functions turn into zero

for 72 — oo faster than (52)~! to provide the infrared safety. The ultraviolet
singularities of these functions at o= 75 and p = r; cancel on account of the “dipole”

property of the “target” impact factors.

=

[\j /‘\
RITRRJ!
- [\V)
l\gl\b l\gl\b
N—

The last term is the most complicated one:
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-2 =2 =22 @ =22 =2 =2 -2 =2 =2 =22

— — —/
9(7“1,7“2;7“1,7“2 )
r 2,7“ r 1,7“ 2,7“ r

—;/> — [ (7?22/ 7?12) 2(’]722/ ’]?11/) 4 2(7722, 77’12/) (,':’11/ ,'712/)] . ( 7:,122/ )
11/ 722/ T1707 11’720/ T {79/ 11/ Tog {191 T 5 72,

1 [(fu,@,) (Forr Tr2r)  2(Poa F21/)]1n (Fﬁ,F222,)+ (Fv 7o) (@21,?122,)

_|_ _
= 55 =9 595 -9 55 -2 595 =9 55 592 =2 >95 -2
259 | T11r Toy To1r Ty ToorToys TyrorT12 2701 T T 79 T'117 Toor
1 (7“1/2/ 7“12/)7“12 2(7“22/ 7“21/)(7“12 7“21/) (7“22/ 7“12/)(7“11/ 7“21/) -2 -2 1 T'12r Toq/
172/ T11 Toyps T Toor T11r Tagr
1 T Toor 1 T 9 Toqs ! 1 (712 T217) (7117 Th2) (7117 T217) 1 T o
T a C\FrEe ) ) YRR \FrEE T Fair | wR iR, ) AR
172/ 11/ T2 11/ 172/ 21/ 172/ o207 22/ 7917 11/
— — — 2
12 T29/ T+1/
_—»(2 ~2 —’)2 hl(—’l?l + (1< 2),
i e T
172/ P01 19 172/
92 92 52 2

This term also vanishes at 1 = 72, so that it possesses the “dipole” property. It has ultraviolet

—/ 2 =/ 2

singularity only at 715 = 0 and tends to zero at large r; © and 7, © suffi ciently quickly in order to
provide the infrared safety.
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SUSY extensions of QCD contain gluons and Maiorana fermions in the adjoint
representation of the colour group. The gluon contribution does not change. The
fermion one can be obtained by change of the group coefficients:

ny — narNe
for the "non-Abelian"” part, and
ny — —ny N>

for the "Abelian" part; n,, is the number of flavours of Maiorana quarks. For
N—extended SUSY n,; = N.

At N > 1 besides quarks there are n, scalar particles; n, =2 at N =2 and n, = 6 at
N =4,

The contribution of the scalar particles to the BFKL kernel can be easily calculated.
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Analogously to the quark case it is convenient to divide it into two parts, with the same
colour group coefficients. As well as in the quark case, after the transformation

K—K-[K¥® 0],

A os()Ne 11 2 1 NN
o 0 T I
The "non-Abelian" part contributes only to g¢ (771, 72; p) and g%(ﬂ, T5; p). At that
—) —2 ) ) £
QQ(7°177°2§:0) — g (7°1>7“2;P) = In + In =1,
“ 12 f%pfgp 7:’%2 F%pfgp fgp

where Inr 7 = —3 +2¢(1) —In &-.
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BFKL in SUSY

The "Abelian" part contributes only to g7, 7; 7/, 75 ):

=) S

Lo .. ne 1 T, T T, T
gQ(Tl,Tg;Tll,T2/) _ 127712 In 127712 1

2 4 (772 P2 p2 22 ) 72 72

172/ 12/7172 117722 1177227

It is evidently conformal invariant.
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The coordinate representation of the colour singlet BFKL kernel permits to
understand relation between the BFKL and the colour dipole approaches and
conformal properties of the BFKL kernel.

The colour singlet BFKL kernel is more general than the dipole one.

In the case of scattering of colourless objects the BFKL kernel can be written in the
dipole form (Md&bius representation).

The dipole form is greatly simplified in comparison with the BFKL kernel in the
momentum representation.

The quark contribution to the dipole form agrees with corresponding contribution to
the BK kernel.

The “Abelian” part of the quark contribution is conformal invariant. The same is the
scalar particle contribution in the SUSY QCD extensions.
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