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|deally, one would like to collide the saturated
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Probing saturation in ideal conditions

Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data
Proton-Nucleus collisions

= |deally, one would like to collide the saturated
nucleon/nucleus with a well known simple probe that does
not involve QCD at all > Deep Inelastic Scattering

= The next best thing is to probe a saturated hadron with
another hadron which is not saturated
1 preferably, the probe should be a nucleon — not a nucleus —
whose relevant parton content is not at small «
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Light-cone coordinates

= Light-cone coordinates are defined by choosing a privileged

onal scaterig axis (generally the z axis) along which particles have a large
neray dependence momentum. Then, for any 4-vector a*, one defines :
Geometrical scaling L ao + a3 o ao . a3
Fits of DIS data a = ——/— a = —
V2o V2

Proton-Nucleus collisions

a"? unchanged. Notation: @, = (a',a”)

= Under a Lorentz boost in the z direction :
at —=Aa" , o >Ata , 4 —d?

= Some useful formulas :

d*z = deTdx~ d*% |

_|_
o
=

O0=20"T0" — ﬁi Notation: 0" =
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Parton-nucleus cross-section

: :

: = The study of all the reactions of this type can be reduced to
SHeneLseatenng that of individual partons with the saturated target :
Energy dependence
Geometrical scaling 2

do = dPq d<I> —2 d(p M

Fits of DIS data o . ~ 2p+ " Z qz | |
Proton-Nucleus collisions Inval’lan'[ phaSG-Space

for the final state

d>q
(27)32wyq

7 Invariant phase-space : d® =

1 M = transition amplitude <c71 e ﬁnout!ﬁin> in the
presence of the color field of the target

1 The delta function comes from the fact that a highly
boosted target field (in the —z direction) has no £
components
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Goal

= Consider the scattering amplitude off an external potential :

Introduction

e
Sﬁa = <6out‘ain> — <6m’U(‘|‘OOa _OO)‘Oéin> g

e Light-cone wavefunction

Energy dependence

Geometrical scaling

S G where U (+o00, —o0) is the evolution operator from ¢t = —oo to

Proton-Nucleus collisions t — + 00

U(+oo,—00) =T exp {z’/d‘lx /Lint(qbin(a:))}

Note : L;,: contains the self-interactions of the fields and their
interactions with the external potential

= \We want to calculate its high energy limit :

S(ZO)E lim <ﬁin‘€WK3U(+oo,—oo)e_WKS‘ozin>

w——+00

where K is the generator of boosts in the +z direction
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Eikonal scattering in a nutshell

Introduction

= In a scattering at high energy, the collision time goes to zero
e Light-cone wavefunction aS 8_1/2

Energy dependence

Geometrical scaling

= With scalar interactions, this implies a decrease of the
scattering amplitude as s—1/2

Fits of DIS data

Proton-Nucleus collisions

= With vectorial interactions, this decrease is compensated by
the growth of the component J* of the vector current

> the eikonal approximation gives the finite limit of the
scattering amplitude in the case of vectorial interactions
when s — +oo
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Eikonal limit

= Consider an external vector potential, that couples via
e A, (x)J*(x) (J"isthe current associated to some conserved

Eikonal scattering
e Eikonal limit Charg E)

e Light-cone wavefunction

Sy e = We will assume that the external potential is non-zero only In
Szl afiniterange in z*, 2+ € [ L, + L]

Fits of DIS data

Introduction

= The action of & on states and (scalar) fields is :

Proton-Nucleus collisions

e_iWKS‘ﬁ° . .in> _ ‘(ewp+,ﬁj_) o in>

eI pn(@)e K = pim(e YT, e, @)
= K3 does not change the ordering in 2. Hence,
iwk?> —iwK3 : 4 iwk?3 —iwK?3
e U(+o0, —00)e =Texpi [ d x Lint(e™ ¢in(x)e )

where Lint = Leert(¢) +e A, JH
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Eikonal limit

introducton = Split the evolution operator U (400, —o0) into three factors :

U (400, —00) = U(+o00, +L)U(+L, —L)U(~L, —o0c)

e Light-cone wavefunction

Energy dependence

Upon application of K?, this becomes :

Geometrical scaling
Fits of DIS data iwk3 —iwK? iwK3 —iwK?3
e U (400, —0)e =e U(4o00,+L)e

Proton-Nucleus collisions . 3 . 3 . 3 . 3
K —twK K —twK
xe™“™ U(+L,—L)e ™" " U(—L,—0)e ™

= The external potential A, (=) is unaffected by /i

= The components of J#(x) are changed as follows :

_(az)e_i“’K3 —e “J (e Yat, e, E)
(z)

W K3 — -
e N =Y I (e et e B L)
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Eikonal limit

introducton = The factors U(+o0,+L) and U(—L, —o0) do not contain the
external potential. In order to deal with these factors, it is
R sufficient to change variables : ¢~ “at — 27, ¥z — 2.
Energy dependence This leads to :
Geometrical scaling
Fits of DIS data wl_l)r_ir_loo GiWK3 U(‘l-OO, +L)€_iWK3 — Uself(‘|'OO, O)
Proton-Nucleus collisions
lim eiWKSU(—L, —oo)e_wKB = Use1r (0, —00)
w—-+00

where Usqt IS the same as U, but with the self-interactions only

= For the factor U(L, —L), the change ¢“»~ — 2~ leads to :

K’ U(+L, —L)e_WK3 —

+L
— Texpi/ d*z e @ [e A (xF, e e, &)
—L
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Eikonal limit

= Therefore, in the limit w — 400, we have :

Introduction

lim eiWK3U(—|—L, —L)e_iWK3 = exp [ie/d2£LX(£L)p(CBL)]

w—+00

e Light-cone wavefunction

Energy dependence

(
Geometrical scaling X(j)J_) — / dx_i_ A_ (x_{_’ 07 :EJ_)
Fits of DIS data .
with 3
Proton-Nucleus collisions - . . —|— o,
p(Z,) = /dm JT(0, 27, 2,)
\

= The high-energy limit of the scattering amplitude is :

St = (Gin

Uselt (+00,0) exp [ie / X(:E’L)p(iL)} Uselt (0, —oo){ain>
T |

1 Only the — component of the vector potential matters

[ The self-interactions and the interactions with the external

potential are factorized > parton model
"l This is an exact result when s — +oo
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Eikonal limit

Introduction

| | = The previous formula still contains all the self-interactions of
the fields. In order to perform the perturbative expansion, it is
convenient to write first :

e Light-cone wavefunction

Energy dependence

Geometrical scaling SéZO) — Z < Bil’l

Fits of DIS data 7,5
exp [ie/x(fl)p(fﬂ}

Proton-Nucleus collisions X </yin
T |

Uself(+oo, O)

71n>

5in > <5in

Uself (07 _OO) }Oéin>

= The factor

2

o

IS the Fock expansion of the initial state: the state prepared
at x7 = —oo may have fluctuated into another state before it
Interacts with the external potential

5in> <5in

Uselt (07 _OO) {Q‘in>
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Energy dependence
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Eikonal limit

= We need to calculate matrix elements such as (i, | F|di, ),
with :

F =exp ie/xa(fL)pa(iL)
7 having QCD in mind, we have reinstated the color indices
7 the contribution of quarks and antiquarks to p“(x ) is :

dp™ d&°p, d°G, f,i, 4 - + N i(BL—G) )@
(P = t;l {b ; N ; bin : ~ ; (P —qG )T
p“(Z1) ;,/ Trp® (2n)? (2n)? (PP L;8)bin(p", G 57)e

_i(ﬁL_QL)'iL}

_diTn(p+7ﬁJ_; i)din<p+, E]l,])@

7 Note : one should keep the ordering of the exponential in ™
" the contribution of gluons is similar, with a color matrix in the
adjoint representation

= The action of F' on a state |5m> gives a state with the same

particle content, the same + components for the momenta,
but modified transverse momenta and colors
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Eikonal scattering
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e Light-cone wavefunction

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

Francois Gelis — 2007

Light-cone wavefunction

= For each intermediate state (4;,| = ({k;", k; . }|, define the

corresponding light-cone wave function by :

Uself (0,_00)

Oéin>

. kil _i. | .3,
Voo{h 80 ) = [] [ Grore 5 (5

= Each charged particle going through the external field
acquires a phase proportional to its charge (antiparticles get
an opposite phase) :

Uso ({ki", &i}) — Psa({ki ZiL}) H Ui(Z1)

UZ(.’BJ_) = Texp [igi /da:+ A; (JZ—F,O,ZI—Z)J_)ta]

M

oV
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Light-cone wavefunction

= \We have seen that the number and the nature of the particles
IS unchanged under the action of the operator F'. Moreover,

Introduction

Eikonal scattering

- Eikonal it In terms of the transverse coordinates, we simply have
Energy dependence <Win F 5in> — 5NN/ | | |:47Tk;|—5(k;|— L kj_/)(S(:E’U_ . i;J_)URz (a_le)]
Geometrical scaling

7
Fits of DIS data

where U, (z | ) is a Wilson line operator, in the representation 2
appropriate for the particle going through the target

Proton-Nucleus collisions

= Therefore, the high energy scattering amplitude can be

written as :
5 — Z/ T | vl @ )| T Un, @) [ Wsa (k] @00}
1) 1€0 1E€H

= As we shall see shortly, some loop corrections are enhanced
by logs of the energy. They must be resummed and drive the
energy evolution of the amplitude
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Light-cone wave function

= The calculation of (4, |Useir(0, —00)|viy, ) is similar to that of

o scattering amplitudes in the vacuum. The only difference is

> Elnaimi that the integration over z* at each vertex runs only over half

e of the real axis [—o0, 0]

1 In Fourier space, this means that the — component of the
momentum is not conserved at the vertices

7 Instead of a ¢ function, one gets an energy denominator

Introduction

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

= Example with a single interaction :

(kiksoksin

0
Uself((), _OO)‘ﬁin> — —z'g/ d4aj ez(kz1+k2+k3—p).m

(2m)%6 (k11 + kot + kst — P )0k +kf +k§ —p*)
kT +ky +k; —p— — e

= -9
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Scattering of a dipole

Introduction

= Assume that the initial and final states « and [ are a color

singlet QQ dipole. The bare scattering amplitude can be
< Seatetn o a ok written as :

e 1-loop corrections
e BFKL equation

Eikonal scattering

e Balitsky hierarchy (0) . s
e Balitsky-Kovchegov equation XX \Ij (m 1y y i )

o [U@)U @)

Geometrical scaling

Fits of DIS data

Proton-Nucleus collions = At one loop, the following diagrams must be evaluated :

- -
b -

Francois Gelis — 2007 Lecture Il /Il — School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 21/69




Scattering of a dipole

Introduction

Eikonal scattering = In the gauge A* = 0, the emission of a gluon of momentum
k by a quark can be written as :

e Scattering of a dipole —

e e ekl

e Balitsky hierarchy %QQQQ_QQ}_ g k.2

e Balitsky-Kovchegov equation J_

Geometrical scaling

= In coordinate space, this reads :

Fits of DIS data

Proton-Nucleus collisions

/ d2kJ_ e’L'EJ_'(fJ_—zJ_) 2gta gA'kL 2igta€>\°(_)l _zJ—)
(27r)2 ki 27 (ij_ 2

= When connecting two gluons, one must use :

So&e = —g"

A
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Virtual corrections

= Consider first the loop corrections inside the wavefunction of
the incoming or outgoing dipole

= Examples :

Introduction

Eikonal scattering

Energy dependence
e Scattering of a dipole

e 1-loop corrections
e BFKL equation

e Balitsky hierarch 2
oBaIitsky-Kovchegjlovequation ’ﬁl:)-y — ’\IJ(O) (ij_, gj_) ‘ tr [tatCLU(iJ_)UT (:{jJ_)j|
Geometrical scaling

Fits of DIS data dk‘—l_ r 2 y i - 2
- y _2%/ / 1 —Z1) (@) ¢)2

Proton-Nucleus collisions

K
S
81
-
<
|_
d
=
T
Q
=
8
|_
3
_+
Nl
|_
=
S

= Reminder: t“t* = (N7 —1)/2N. = C,
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Virtual corrections

introduction = The sum of all virtual corrections iIs :

Eikonal scattering

+ L o2
L L b (Z1—9.)
2 — — — —
u (

e Scattering of a dipole k+ T — ZJ_)2(yJ_ _ ZJ_)2

e 1-loop corrections
e BFKL equation (O) - -
e Balitsky hierarchy X \If (,’,B_L , yL)

e Balitsky-Kovchegov equation

o [U@)U )]

Geometrical scaling

Fits of DIS data

= The integral over k™ is divergent. It should have an upper

bound at p™ :
pt dk+
_ +y

> When Y is large, a,Y may not be small. By differentiating
with respect to Y, we will get an evolution equation in Y
whose solution resums all the powers (a.Y)"

Proton-Nucleus collisions

= Note : the integral over z, is divergentwhen z, =Z, ory,
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Real corrections

= There are also real corrections, for which the state that
Interacts with the target has an extra gluon

= Example :

Introduction

Eikonal scattering

Energy dependence

e Scattering of a dipole

e 1-loop corrections

e BFKL equation

e Balitsky hierarchy

e Balitsky-Kovchegov equation

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

0 Uay(Z.1) is a Wilson line in the adjoint representation

= In order to simplify the color structure, first recall that :
' Uap(Z1) = UEZ U (Z))
= Then use the SU(N,) Fierz identity :

1 1
toith = §5il5jk: —
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Real corrections

= The Wilson lines can be rearranged into :

Introduction

Eikonal scatterin a N N - — 1 N — N N
=S tr [t U(wL)thT(yL)] Uw(Z1) = 5131" {UT(ZL)U(CUL)} tr {U(ZL)UT(?JL)]

° Scrig oa dipole 1 T

oyt (V@U@

e Balitsky hierarchy
e Balitsky-Kovchegov equation

7 The term in 1/2N. cancels against a similar term in the virtual
contribution
= All the real terms have the same color structure

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

= When we sum all the real terms, we generate the same
kernel as in the virtual terms :
(CEL — gJ_)2
(BL—Z0)%(Y, —2Z1)?

= In order to simplify the notations, let us denote :
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Evolution equation

e = The 1-loop scattering amplitude reads :
Eikonal scattering 2 — — 2
achY (0) /= — 2/ 2 - (wJ— _yJ_)
— ‘\If T A"Z1 o5 3
rigoadipole 272 ( - y_L) + (wj_ — ZJ_)2(yJ_ - ZJ_)2
S {S@.,9.) - S(@.,21)8(21,9,)
e Balitsky-Kovchegov equation
Geometrical scaling = Reminder: the bare scattering amplitude was
Fits of DIS data
2
Proton-Nucleus collisions ‘\Ij(o) (ij_, :’jj_) NC S(CEJ_, :l_jj_)
= Hence, we have :
0S(E1.§,) _ _oNe [ oo (@L-§,)
oY 272 (L —Z1)%(y, —Z1)?
X{S(:EL,Q’L) — S(«’EJ_;EJ_)S(ZJ-agJ_)}

7 since S(x,,x,) =1, the integral over Z, is now regular
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BFKL equation

Introduction Kuraev, Lipatov, Fadin (1977), Balitsky, Lipatov (1978)

Eikonal scattering

o —— = The BFKL equation can be obtained by linearizing the
e Scattering of a dipole previous equatlon

e 1-loop corrections

e BFKL equation
e Balitsky hierarchy
e Balitsky-Kovchegov equation

= Write S(,,y,)=1-T(x_,,y,)and assume that we are in
the dilute regime, so that the scattering amplitude 7" is small.
Drop the terms that are non-linear in T" :

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

aT(iJ-agJ_) — asNe d22
oY 22 +

= The solution of this equation grows exponentially when
Y — 400 > serious unitarity problem...
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Non-linear evolution equation

= In fact, the first evolution equation we derived has a bounded
solution. The unbounded solutions of BFKL are due to
dropping the non-linear term. The full equation reads :

Introduction

Eikonal scattering

Energy dependence
e Scattering of a dipole
e 1-loop corrections

e BFKL equation aT(j)J_,:l_jJ_) . OCSNC
e Balitsky hierarchy aY - 27_‘_2 (i
1 —

e Balitsky-Kovchegov equation

Geometrical scaling X{T(fj_; EJ_) —|— T(Z?J_, :l—jJ_) — T(j’J_, :l_jJ_)—T(a_fJ_, EJ_)T(ZJ_a gj_)}

Fits of DIS data

Proton-Nucleus collisions (B al |tS ky- KOVC h e g ov e q u atl (0] n)

= The r.h.s. vanishes when T reaches 1, and the growth stops.
The non-linear term lets both dipoles interact after the
splitting of the original dipole

= BothT'= 0 and T' = 1 are fixed points of this equation

T =€ : rh.s. >0 = T = 0 is unstable

T=1—¢€: rh.s. >0 = T =1 is stable
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Caveats and improvements

Introduction

= S0 far, we have studied the scattering amplitude between a
color dipole and a “god given” patch of color field. This is too

Eikonal scattering

« Scattering of a dipole naive to describe any realistic situation

e 1-loop corrections

e Balitsky hierarchy .

« Baltsky-Kovchegov equation = We need to improve the treatment of the target

Geometrical scaling

Pl ofolS g = An experimentally measured cross-section Is an average
Proton-Nucleus colisons over many collisions, and there is no reason why these fields

should be the same in different collisions :
T — <T>

(---) denotes the average over the target configurations, i.e.

<...>:/[Dp} W[ - -
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Introduction

Eikonal scattering

Energy dependence

e Scattering of a dipole
e 1-loop corrections

e BFKL equation

e Balitsky hierarchy
e Balitsky-Kovchegov equation

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions
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Balitsky hierarchy

= Because of this average over the target configurations, the
evolution equation we have derived should be written as :
O (T(®L,y,)) _ asNe

— d’z (
Y o2 L E -

= As one can see, the equation is no longer a closed equation,
since the equation for (T') depends on a new object, (T'T)

= One can derive an evolution equation for (T'T"). Its right
hand side contains objects with six Wilson lines
" There is in fact an infinite hierarchy of nested evolution
equations, whose generic structure is

9 <(l;}l/ﬂ)”> _ /...<(UUT)”> o (U )
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Balitsky-Kovchegov equation

Introduction

Elabers: = |f one performs the large N. approximation on all the
Erergy dependonce equations of the Balitsky hierarchy, they can be rewritten in

e Scattering of a dipole

» oop camecions terms of the dipole operator T' = 1 — tr(UUT) only. But

e BFKL equation

e Aiey) they still contain averages like (T")

e Balitsky-Kovchegov equation

Geometrical scaling

= In order to truncate the hierarchy of equations, one may
assume that

Fits of DIS data

Proton-Nucleus collisions

(I'T)~(T)(T)

= This approximation gives for (T") the same evolution equation
as the one we had for a fixed configuration of the target
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

e Statistical physics analogies
e Traveling waves

e Geometrical scaling

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

Francois Gelis — 2007 Lecture Il /Il — School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 33/69




Analogy with reaction-diffusion

L Munier, Peschanski (2003,2004)
Eikonal scattering
Energy dependence = Assume translation and rotation invariance, and define :

Geometrical scaling

e Statistical physics analogies 9 E = <T(O’ wJ_)>
e Traveling waves N(Y) kJ_) = 27T/d T €Z T 5 Y

e Geometrical scaling X N

Fits of DIS data

Proton-Nucleus collisions

= From the Balitsky-Kovchegov equation for (T"), we obtain the
following equation for /V :
8N(Y, k_L) Oéch

S = 2 [X(—aL)N(Y,/ﬁ)—NQ(Y,kL)}

with

L =1In(k7 /ko)
X(7) = 2¢(1) —(y) — (1 —7)
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Analogy with reaction-diffusion

Introduction

Eikonal scattering

= Expand the function y(v) to second order around its
minimum v = 1/2

Energy dependence

Geometrical scaling

e Statistical physics analogies

- e = Introduce new variables :

e Geometrical scaling

Fits of DIS data

t~Y

Proton-Nucleus collisions

as N,

X (1/2) Y

z~ L +

= The equation for /N becomes :
N =0>N + N — N?

(known as the Fisher-Kolmogorov-Petrov-Piscounov equation)
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Analogy with reaction-diffusion

i oy = |nterpretation : this equation is typical for all the diffusive

Eikonal seatering systems in which a reaction A +—— A + A takes place

Energy dependence

0 92N : diffusion term (the quantity under consideration can
e —— hop from a site to the neighboring sites)

e Geometrical scaling

il s st 1 + /N :gain term correspondingto A — A+ A

Proton-Nucleus collisions

1 —N?: loss term correspondingto A + A — A

= Note : this equation has two fixed points :
0 N =0: unstable
0 N =1: stable

= The stable fixed point at /V = 1 exists only if one keeps the
loss term. In other words, one would not have it from the
BFKL equation
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Traveling waves

Introduction

Eikonal sctteing = Assume an initial condition N (tg, z) that goes smoothly from
Energy dependencs 1 at z = —oco to 0 at z = +o0, and behaves like exp(—(32)
when 2 > 1

e Statistical physics analogies

A

e Traveling waves
e Geometrical scaling N (t,Z)

Fits of DIS data

Proton-Nucleus collisions

> 7

= The solution of the F-KPP equation is known to behave like a
traveling wave at asymptotic times (Bramson, 1983) :

N(t,2), ~ Nz =ms(t)

with  ms(t) = 2t — 3In(t)/2+ O(1) if 3> 1

> universal front velocity for a large class of initial conditions
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Traveling waves

Introduction

Eikonal sctteing = Assume an initial condition N (tg, z) that goes smoothly from
Energy dependencs 1 at z = —oco to 0 at z = +o0, and behaves like exp(—(32)
when 2 > 1

e Statistical physics analogies

e Traveling waves N t A
e Geometrical scaling ( 12)
Fits of DIS data
Proton-Nucleus collisions
> 7

= The solution of the F-KPP equation is known to behave like a
traveling wave at asymptotic times (Bramson, 1983) :

N(t.2), v Nz = ms(t)

with  ms(t) = 2t — 3In(t)/2+ O(1) if 3> 1

> universal front velocity for a large class of initial conditions
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Traveling waves

Introduction
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Energy dependencs 1 at z = —oco to 0 at z = +o0, and behaves like exp(—(32)
when 2 > 1

e Statistical physics analogies

e Traveling waves
e Geometrical scaling N (t,Z)

Fits of DIS data

Proton-Nucleus collisions

= The solution of the F-KPP equation is known to behave like a
traveling wave at asymptotic times (Bramson, 1983) :

N(t.2), v Nz = ms(t)

with  ms(t) = 2t — 3In(t)/2+ O(1) if 3> 1

> universal front velocity for a large class of initial conditions
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Geometrical scaling in DIS

introduction lancu, Itakura, McLerran (2002)

Eikonal scattering Mueller, Triantafyllopoulos (2002)

Energy dependence Munier, Peschanski (2003)

Geometrical scaling e e .. . . .
RS = In QCD, the initial condition is of the required form, with 5 > 1
e Traveling waves . . . -

> front velocity independent of the initial condition

Fits of DIS data

= Going back to the original variables, one gets :

Proton-Nucleus collisions

N(Y k1) =N (k1/Qs(Y))
with
Q) =Ry N
= Going from N (Y, &, ) to (T'(0,z,)) _, we obtain :

(T(0,21)), =T(Qs(Y)z1)
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Geometrical scaling in DIS

Introduction

Eikonal seattering = The total v*p cross-section, measured in Deep Inelastic
S Scattering, can be written in terms of /V:

Geometrical scaling

1
e Statistical physics analogies N 2 -
oTraveIingwaves O',tyo*tp(Y,QQ) = 27TR2/d2£BJ_ / dZ |¢(Z, $L7Q2)| <T(O, ZUJ_)>Y
0

Fits of DIS data

"1 The photon wavefunction ' is calculable in QED. It depends on
the dipole size =, only via

Proton-Nucleus collisions

W(z,00,Q%)| = F(Qz1)

with @? =m; + Q°2°(1 — 2%)

= If one neglects the quark masses, the scaling properties of
(T") imply that o, depends only on the ratio Q°/Q7(Y),
rather than on % and Y separately
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&) Geometrical scaling in DIS

» HERA data as a function of Q2 and z :

Introduction
Eikonal scattering ZEUS
—_ .
)
Energy dependence &'E ZEUS NLO QCD fit
2 || tot error
. . 1
Geometrical scaling g, 5
e Statistical physics analogies =
. = ZEUS 96/97
e Traveling waves
e Geometrical scaling + BCDMS
Fits of DIS data 4 * NMC

Proton-Nucleus collisions
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&) Geometrical scaling in DIS

Stasto, Golec-Biernat, Kwiecinski (2000)

Introduction

Eikonal scattering

g 1037 T T T TTTTT T T T TTTTT T T T TTTTT T T T TTTTT T T T TTTTT T T T TTTTT]
Energy dependence — r b
s 0 ]
Geometrical scaling 08 + |
e Statistical physics analogies r 7
e Traveling waves oGy - b
102 —
Fits of DIS data L ]
Proton-Nucleus collisions [ )
10 — -

ZEUSBPT 97 O
i ZEUSBPC 95 % b

H1low Q%95 A
1 ZEUS+H1 high Q®94-95 o ,%% =
r E665 v % ]
i x<0.01 % (ﬁ ]
|- a]l Q2 -
10-1 | \\\HH‘ | \\\HH‘ | \\\HH‘ | | \\HH‘ | \\\HH‘ | Lol

107 107 10" 1 10 10° 10°
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&

Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

e Dipole cross-section =

Fits of DIS data
e Exclusive processes

Proton-Nucleus collisions
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Dipole cross-section

Introduction

—

Eikonal scatteing = Computing F; requires to know (7'(0,«, ))  as a function of
Energy dependence dlpOle SIZG aﬂd energy

Geometrical scaling

N = This object is often presented in the form of the “dipole
e Dipole cross-section Cross_sectlon”

e Dipole models
e Exclusive processes

Proton-Nucleus collisions O-dlp (’f:J_, Y) = 2 / d2g <T(5 T TJ_) I; —|_ _J_ )>
Y

Note : this formula assumes that the scattering amplitude is real

= In principle, the BK equation prescribes the energy
dependence of the dipole cross-section once it is known at a
certain energy

= Alternatively, one can model this cross-section (including its
energy dependence)
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Golec-Biernat—Wusthoff model

Introduction

Eikonal scattering

= GBW modeled the dipole cross-section as a Gaussian, with
= an energy dependence entirely contained in ()

Geometrical scaling

Fits of DIS data O-dip(’f:J_a Y) — 0p [1 _ e_Qs(Y)2ri/4i|

e Dipole cross-section

. xIsive rcesses Q2 (Y) — Q% 6>\ (Y — Yo)
S

Proton-Nucleus collisions

= The exponential form in og;,, IS Inspired of Glauber scattering

= The fit parameters are oy, (Yo, A and possibly an effective
guark mass in the photon wave-function

= Quite good for all small-x HERA data, with some problems at
large Q?
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Bartels—Golec-Biernat—Kowalski model

dioxiicrion = This model aims at improving the agreement at large 02, by
Eikonal scatering having a more realistic cross-section at small dipole sizes :
Energy dependence

Geometrical scaling O-dlp (f’_’:J_’ Y) — O'O |:1 . 6—7'('2’}“3_055(N2)$G(x7M2)/300]

e Dipole cross-section .

= The scale p? is chosen of the form p2 + C/r%

e Exclusive processes

Proton-Nucleus colisions = The gluon distribution zG(z, u*) obeys the DGLAP equation.

Thus, the dipole cross-section has the correct behavior at
small transverse distance

= This form improves the fit quality at large Q2

= A saturation scale is also hidden in this dipole cross-section,
If one recalls the formula
a,2G(z, Q%)
mR2

Q2
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data
e Dipole cross-section
Dipole models

.I
/\\

Exclusive processes

Proton-Nucleus collisions

Francois Gelis — 2007

lancu-ltakura-Munier model

= This model of the dipole cross-section is derived from LO
BFKL :

r — o s Y )r 2(vs+In(2/Qs7r1)/KAY)
Qsr1 <21 oaip(r,Y) = 20 (Q (2) L)

Qsr1 >2 1 ogip(r,Y) =09 {1 _ 6a1n2(stm)]

L Q2(Y) = Qf MV

1 Some parameters are fixed from LO BFKL :
vs = 0.63,k = 9.9

1 og, Qo and A must be fitted

7 a and b are adjusted for a smooth transition at Q,r | = 2
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data
e Dipole cross-section
e Dipole models

e Exclusive processes

Proton-Nucleus collisions
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Exclusive processes

Kowalski, Motyka, Watt (2006)

= So far, we have only considered the total DIS cross-section,
obtained from the forward dipole amplitude via the optical
theorem

= In order to study more exclusive processes, one needs
non-forward amplitudes. From our general eikonal formula,
they read :

1 -
* — * > 4§, -b "X 1 rl
(Qout|7"in) = /dQTL/Odz T ) /d%e‘h P(Tb -5+ 7)>Y

non-forward dipole cross-section
with momentum transfer q |

Note : this formula assumes that the relevant dipole sizes r, are
small compared to the target radius (i.e. the typical b)
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data
e Dipole cross-section
e Dipole models

e Exclusive processes

Proton-Nucleus collisions

Francois Gelis — 2007

Exclusive processes

By squaring this amplitude, one gets the diffractive
cross-section for the production of the state 2 with
momentum transfer q |

dUdiﬁ_) " 2
;QE»J_QP — ’<Qout‘7 in>‘

The relationship to the the inclusive DIS cross-section is
O-;?ktp(ya QQ) = 2Re </V*out ’7*1n>

Note : inclusive DIS only constrains the dipole amplitude
averaged over impact parameter. However, if one measures
the g, dependence in exclusive reactions, one obtains
Informations about the b dependence of the dipole amplitude

GLZO

General strategy : extend the previous models in order to
give them a b-dependence, in a way that preserves F;
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Exclusive reactions

Introducion = For the total DIS cross-section, the fit is as good as before :

Eikonal scattering

Energy dependence

>

ZEUS 96-97 — b—Sat, m,,4, = 0.14 GeV
ZEUSBPTO7 - b—Sot, m,,, = 0.05 GeV
[ Q% (GeV?)
[ (scale)
0.25(3.1)
[ 0.30(2.4)

Geometrical scaling

Fits of DIS data
e Dipole cross-section

e Dipole models | 0.40(1.8)

[ 0.50 (1.4)

our (ub) (scaled)
o
N

e Exclusive processes

[ 0.65(1.1)

Proton-Nucleus collisions

[ 2.7(1.1)

3.5(1)
10  45(1)
[ 65(1)
[ 85(1)
[ 10, (1)

12

0.4 A HI
0.35
0.3
0.25
0.2
0.15
0.1
0.05

\\\\\H‘ Il \\\\\H‘ Il \\\HH‘ Il \\\\\H‘ Il L1
e e 0 —1 2
10 10 10 10 10 1 10 10

W2 (GeV?) Q% (GeV?)

T % 0.5
N 4 ~< 0.45 e ZEUS
.
‘ —— b-Sot, M. = 0.14 GeV

----- b-Sot, m, 4, = 0.05 GeV
.......... b—CGC, m, 4, = 0.14 GeV

27.(1)
rERG
- 60.(1)
[ 70.(1)
[ 90.(1)

[ 120. (1)
b 150. (1)
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data
e Dipole cross-section
e Dipole models

e Exclusive processes

Proton-Nucleus collisions
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—_

=
—

—

©10

10

o (nh)

10

10

Exclusive reactions

Y'P - YP

wW = 82 GeV
- H1
o ZEUS

R

10 10
Q% (GeVd)

Y'p — @p

W =75 GeV

- ZEUS

Boosted Gaussian W,

10
Q% + M2, (GeV?)
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= Exclusive photon and vector meson production :

YP - PP

HH‘

W =75 GeV

H1
Boosted Gaussian W,

Gaus-LC W,

10
Q% + M2 (GeVvd)

Y'p — /b p

- Gaus-LC W¥,,

W = 90 GeV

H1 N\
ZEUS %

Boosted Gaussian W,

2

10 10

Q% + M3, (GeVv>



Exclusive reactions

= Exclusive photon and vector meson production :

Introduction
; ; Y'P —YP
Eikonal scattering NAlOZZ
— c
=1 F
Energy dependence = -
-
y = -H1
= L
Geometrical scaling 510
= £
Fits of DIS data i
e Dipole cross-section 1L
e Dipole models E
:
i 2 _ 2 %
Proton-Nucleus collisions 10" 3 NP A
E ! ! ! !
(@) 0.2 0.4 0.6 0.8 1
It] (GeVv>)
. Y'p — @p —a10° Y'p — J/Qp
A C ZEUS 1 E
= [ W =75GeVv L 2 cev = E o R
91037 = Q7= 3.6 Gev? O e Q°= 0.05 GeV
= = _ 4 Q= s52Cev? = Sk = Q%= 3.20 GeVv?
= e R —10 - Q7= 7.00 Gev?
= L TR TR O %= 12.6 Gov? = vy Q 22.40 GeVv?
-8102 ____________________ A Q%2 =19.7 GeVv? -8
e g, 10
10 ¢ . i
: 1L
1 = E 40 < W < 160 GeV
E r Boosted Gaussian W,
F Boosted Gaussian W,, 1 r Gaus-LC W
Eo et Gaus-LC W, 10 ¢ Y
10_1 L L L L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L L L E L L L ‘ L L L ‘ L L L ‘ L L L ‘ L L L ‘ L L L
(@) 0.1 0.2 0.3 0.4 0.5 0.6 (@] 0.2 04 0.6 0.8 a1 1.2
It (GeVv?™) It (GeVv?
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&

Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton
e Monojets ?

e Forward high pt suppression
e Limiting fragmentation
e Other processes

‘(
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Link to the dipole cross-section

= When the proton is dilute, a pA collision can be seen as a
collision between one parton from the proton and the color
fields of the nucleus :

Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

-
e Description of the proton

e Monojets ?

e Forward high pt suppression >

e Limiting fragmentation
e Other processes

= In a given configuration of the target, the scattering
amplitude reads :

M / dPE, ePLPL U(x,)

Note : U is in the representation of the incoming parton
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Link to the dipole cross-section

= The squared amplitude, averaged over the target
configurations, reads :

Introduction

Eikonal scattering

Energy dependence — -

Geometrical scaling |M|2 X /d2'FJ_ eiﬁl'ﬁl /d25 <U(E_|_ %)UT(B’ . 7J—)>
Fits of DIS data Y
x /d%ﬂ ePLTL gaip(71,Y)

e Link to the dipole cs

e Description of the proton

' Forward igh p suppresson > the p -spectrum of the scattered parton is given by the Fourier
+ oter provemsen transform of the dipole cross-section

= For a dipole model to be usable in this context, the
corresponding cross-section must have a positive definite
Fourier transform. All the previous models have
shortcomings in this respect:
- GBW: exponential tail, ruled out at high p, by pQCD
- BGBK: negative Fourier transform at large p |
7 1IM: oscillatory Fourier transform
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Description of the proton

= One can describe the partons of the proton without intrinsic
k | (collinear factorization) or with some intrinsic k |

Introduction

Eikonal scattering

Energy dependence

= Collinear factorization :
Geometrical scaling
Fits of DIS data dO’pA—n’X 2 dQ . iB | T SRV
2= X xlfi/p(thL) e Oaip(7 1, Y2)
d*p

e Link to the dipole cs

e Description of the proton
e Monojets ?
e Forward high pt suppression

e Limiting fragmentation u k 1 -faCtO I I Zatl on:.

e Other processes

d —1 g - = i(B o 7 .
Jé);ﬁ - /d2kL %‘/p(xlakL)/dz"l e PL=kL)TL Gy (71, Y5)
L

The first formula is obtained from the second one by :

7 Taking the limit k; — 0 in the underlined factor

I Integrating ¢, ,, over k1 up to p, in order to recover the
integrated parton distribution
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Monojets ?

Inwoducton = Since in this description a pA collision amounts to multiple
Eikonal scattering scatterings of a parton from the proton on those of the
S nucleus, an interesting issue is the distribution of the recoils
Geometical scaling when the incoming parton is scattered at a high p |

Fits of DIS data

e Link to the dipole cs
e Description of the proton

e Monojets ?
e Forward high pt suppression
e Limiting fragmentation

e Other processes ! > | >

1 If the recoil momentum is shared evenly between a large
number of partons, the final state will look like a monojet

1 If a single parton takes most of the recoil, then the final
state will look like the usual di-jet events
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Number of recoils above Ktmin

MV model - Q> =2 GeV>

Introduction

10 ¢ . T T T T ! T T ]
Eikonal scattering I 5 B . 3 A
Energy dependence o I e S s
.=
. . =
Geometrical scaling g I 3 j 3
) L HUUNR U U U N IS S . NN
Fits of DIS data % 0.1 [ i A
"c.é A
= -
e Link to the dipole cs § 0.01 | Kt =1GeV o 0w
e Description of the proton L [
5 - 2Gev -
e Forward high pt suppression 5 oo0o01t ¢+
e Limiting fragmentation —g 5 GeV .
e Other processes = L
2 le04 | 10GeV o S
50 GeV a
16-05 i i i N |
0.1 1

K™ (GeV)

= When Q. < k7' < k., there is only one recoil

> the momentum of the scattered parton is absorbed by a
single source > pair of jets rather than a monojet
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Levy random walks

= Interpretation : the scattering of the incoming parton can be
seen a a random walk in p, space, with a probability P (k)

to gain k, at each step of the random walk

Introduction

Eikonal scattering

Energy dependence

Geometrcal scaling = A crucial property of P(k_ ) is whether its second moment,

Fits of DIS data

. e
oLnktothedipoIecs g — /koJ_ ki p(kj_) y IS f|n|te or not

e Description of the proton

e Monojets ?

e Forward high pt suppression
e Limiting fragmentation

e Other processes
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Levy random walks

= Interpretation : the scattering of the incoming parton can be
seen a a random walk in p, space, with a probability P (k)

to gain k, at each step of the random walk

Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

= A crucial property of P(k_.) is whether its second moment,

Fits of DIS data

. e
oLnktothedipoIecs g — /d2kj_ ki P(kj_) y IS f|n|te or not

e Description of the proton

e Monojets ?
e Forward high pt suppression
e Limiting fragmentation

o Other processes = |f o is finite, the random walk takes an exponentionally large
number of steps to get far from the origin :

Py

J?_ b,
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton

e Monojets ?

e Forward high pt suppression
e Limiting fragmentation

e Other processes
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Levy random walks

= Interpretation : the scattering of the incoming parton can be
seen a a random walk in p, space, with a probability P (k)

to gain k, at each step of the random walk

= A crucial property of P(k_.) is whether its second moment,

o= /dQEL k1 P(ky), isfinite or not

= |f o is infinite (true for the MV model), the random walk can
go far from the origin in one big step and a few small ones :

Py

kd

Px

5
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High pt suppression at large Y

Introduction = Results of the BRAHMS experiment at RHIC for
Eikonal seatering deuteron-gold collisions :
Energy dependence
Geometrical scaling d—N

. R _ 1 dp dn dAu
Fits of DIS data dAu =

N, coll _dN

dp_dn|
e Link to the dipole cs
e Description of the proton )
e Monojets ? " n=0 h*+h n=1 h+h n=22 h n=32 h
2 2 f

Rd+Au
=

e Limiting fragmentation 1'53_ & ? f_ C f_
e Other processes E m‘& _+_+_ E B _+_ E + E

f """"""""""""" e A *‘-’H‘ """ - £ SR
05 ;_I mma E_. 4 :

7 2
p; [GeV/c] p; [GeV/c] p; [GeV/c] p; [GeVic

- At small rapidity, suppression at low p; and enhancement at
high p1 (multiple scatterings — Cronin effect)
1 At large rapidity, suppression at all p, 's (shadowing)
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@ Kinematics

Introduction

= Relevant values of z; 5 :

Eikonal scattering

Energy dependence

Geometrical scaling 0.0035 —y — ————ry

Fits of DIS data : X, Spectrum X, spectrum :
y _— 0.003 - ]
_ : } ]
e Link to the dipole cs ¢ I Yn =32 ]
e Description of the proton % [ Yn= 40 woeeeeeenes i
_ 3 0.0025 [ .
e Monojets ? = F 1
& ; X = %p * exp(-2%y,) ;
e Limiting fragmentation = 0.002 [ ]
e Other processes %f: : r q; = 2 GeV ]
Z : :
— 0.0015 ]
=] i i
i _
= [ j
S 0.001 .
3 ]

= L

H -

0.0005 |

0 : 1'?”"0.; PR | M| L L MR |
le-04 0.001 0.01 0.1
X
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@ dA collisions at RHIC

= Kharzeev, Kovchegov, Tuchin (2005)

Introduction

Eikonal scattering

2 r 2 ¢
Energy dependence 18 [ n=0 18 & n=1
F data: (h'+h7)/2 F dota: (h'+h7)/2
16 E ata’ ( )/ 16 L ata ( )/
Geometrical scaling r % r
14 = JOLLINY o 1.4 —
i 12 X e 12
Fits of DIS data 2 E Mﬂ S edeea, 2 F RTINS r
£ 1 F e jigam: = 5 1L e
" o E o = woePel - | | o |
Proton-Nucleus collisions 08 08 AR
e Link to the dipole cs 06 o 06
e Description of the proton 04 04
e Monojets ? 02 02
H H O7\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\ 07\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\
e Forward high pt suppression 0 1 5 3 4 s o 0 1 5 3 4 5 o

e Limiting fragmentation p; (Gev) p; (GeV)
e Other processes

2 ¢ 2 ¢
18 [ n=22 18 [ n=32
C data: h™ C datal h”
1.6 — 1.6 —
14 F 14 -
12 12 -
% 1 E % 1 E 5
o F -
08 — 08 =
06 06 [~
04 04 [
02 02
O :\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\ 0 :\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\
0 1 2 3 4 5 6 0 1 2 3 4 5 6
pr (GeV) pr (GeV)
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton
e Monojets ?

dN/dy,, d°p, [GeV™?]

e Forward high pt suppression
e Limiting fragmentation
e Other processes

Francois Gelis — 2007

dA collisions at RHIC

= Dumitru, Hayashigaki, Jalilian-Marian (2005 — 2006)

10:'"'I'"'I""I""I""I""I""I' L
: dAu BRAHMS min. bias data [(h*+h’)/2], y,, = 0.0 —oe—
=N dAu STAR min. bias data [(h*+h")/2], y,, = 0.0 —e—
1L - dAu BRAHMS min. bias data [h], y, =3.2 —&— |
mres  dAu STAR min. bias data U], y,, =4.0 —=— ]
i L Theory [K = 3.2], y,=0.0 ——
1 EHSL Theory [K =1.8], y,, =3.2 ----eeee-
0.1 IE}IH ] | Thepry [K; 0.9], Yh = 40 E
001 ¢y Fﬂd """""""" B B
o001 A om g
feost = R
; S, I S
1e'05 5 E’g’l.ﬂ}“un """ : """""""""" """"" E
1e_06 PR R | | — L I L | I | l vy I L - I L
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Note : the model predicts only the slope of the spectrum; its
normalization is adjusted by a Y-dependent K-factor
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RdA at RHIC from the BK equation

Introduction

Eikonal scattering R, for gluon production at RHIC

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton
e Monojets ?

e Forward high pt suppression
e Limiting fragmentation
e Other processes
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Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton
e Monojets ?

e Forward high pt suppression
e Limiting fragmentation
e Other processes

Francois Gelis — 2007

RpA at LHC from the BK equation

Rp A for gluon production at LHC
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@ Limiting fragmentation (RHIC)

Introduction

Eikonal scattering

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton 5
e Monojets ?

dN/dn/(0.5 N_,,.)

e Forward high pt suppression
e Limiting fragmentation 4

00 000000,
000 0O0g °
ML L LI °
ooO 00

e Other processes

3 O Da..
oTE
2 AAAAADAgm.O
1 ﬂ%g
S,
0 | | | | B YYUN
-8 -6 -4 -2 0 2
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Qualitative explanation

= The ratio of the two saturation scales is :
Eikonal scattering Qg (:‘E2)/Qg (331) ~ eXp(2)\Y) ~ 20 Wlth )\ ~ O°3 and Y — 5

Energy dependence > neglect the transverse momentum in the projectile at
Geometrical soaling large x; compared to that in the projectile at =5

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs

Introduction

> use collinear factorization for projectile 1

e Description of the proton | Th e Spectru m reads
e Monojets ?
e Forward high pt suppression

dN

e Other processes

N 2 25 P |- /=
I xlf(xl,PL)/d ¥, e <tr (U(O)U (’I“J_))>

L2

Note : the underlined factor becomes independent of x> when

Integrated over P | because of the unitarity of the Wilson lines
= At large z1, =1 f(z1, P7) is almost independent of P2

(Bjorken scaling), and the integration over P, leads to :

Z_]; x z1 f(r1) = dependsonlyonz; ~ exp(Y — Ypeam)
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Other processes

Introduction

Eikonal scattering

= Photon/dilepton production :

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton
e Monojets ?

e Forward high pt suppression
e Limiting fragmentation
e Other processes

> the cross-section for this process can also be written in
terms of the Fourier transformed dipole cross-section
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Other processes

Introduction

e = Production of heavy quarks :

Energy dependence

Geometrical scaling

Fits of DIS data

Proton-Nucleus collisions

e Link to the dipole cs
e Description of the proton
e Monojets ?

e Forward high pt suppression
e Limiting fragmentation
e Other processes

&
e
0000000000000000000000QME o QQQQQ

> the cross-section for this process involves new correlators,
containing up to four Wilson lines
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| ecture Il : Nucleus-nucleus collisions

Introduction

Eikonal scattering

Energy dependence

= |ntroduction to nucleus-nucleus collisions

Geometrical scaling

hisloilosldes = Power counting and bookeeping
Proton-Nucleus collisions
= Inclusive gluon spectrum

= Loop corrections, factorization, unstable modes
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