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Motivation: Gluons at HERA

> The gluon distribution rises very fast at small 2 ! (~ 1/2?)
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vG(x, Q%) ~ # of gluons with transverse size Az, ~1/Q and k, = 2P
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¢ Motivation: Gluons at HERA
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> High—Q? evolution : The parton density is decreasing

> High—energy evolution : An evolution towards increasing density !
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'i; Motivation: High density = Weak Coupling

Y =1In 1/x%}

High density

Motivation
e Outline
e Eyes wide shut

Dipole picture for DIS

Non-linear evolution: BK

Low density

WD

In /\CZ;CD In Q2

= Asymptotic freedom of QCD
1 High density partonic matter should be weakly coupled !

0 First principles calculations in QCD at high energy
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- Motivation: High density = Non-linear

g

Y =1In 1/x%}

High density

Motivation
e Outline
e Eyes wide shut

Dipole picture for DIS

Non-linear evolution: BK

Low density

WD

In /\CZ;CD In Q2

= A very challenging problem though!
High density — strong non-linear effects

= The full non-linearity of QCD reveals itself at weak coupling !
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- Motivation: High density = Non-linear

g

Y =In 1/x4
Saturation,
e Outline In QS(Y) =AY
e Eyes wide shut
Dipole picture for DIS
Non-linear evolution: BK
‘ Dilute system
T BFKL
DGLAP
———
2 :2
In /\QCD In Q

= DGLAP equation: naturally linear !
= BFKL equation: linear approximation (intermediate energies)

= In general, the high—energy evolution is non—linear
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- % Introduction & Outline

> These lectures:

L A risky attempt to provide a pedagogical introduction to
* Eyes wide shut relatively recent developments in our understanding of
Dipole pictue for DIS non-linear evolution with increasing energy ...

Non-linear evolution: BK

0 BK equation (Balitsky, 96; Kovchegov, 99)

0 the Color Glass Condensate (CGC) effective theory
(McLerran, Venugopalan, 1994; E.I., Leonidov, McLerran, 2000)

0 the JIMWLK equation

(Jalilian-Marian, E.l., McLerran, Weigert, Leonidov, Kovner, 97-00)

0 the Pomeron loop equations

(E.l., Kovner, Lublinsky, Mueller, Munier, Shoshi, Triantafyllopoulos,
Wong ... 04-05)
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= Introduction & Outline

e

> These lectures:

L A risky attempt to provide a pedagogical introduction to
* Eyes wide shut relatively recent developments in our understanding of
Dipole pictue for DIS non-linear evolution with increasing energy ...

Non-linear evolution: BK

= ... themselves built on top of previous, fundamental,
developments

0 the BFKL equation
(Balitsky, Fadin, Kuraev, Lipatov, 75-78)

0 the Color Dipole Picture (Mueller, 1994)
0 ‘Pomeron vertices’ (Bartels, Braun, Ewerz, Vacca..., since 1991)
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Introduction & Outline

=

> These lectures:

L A risky attempt to provide a pedagogical introduction to
* Eyes wide shut relatively recent developments in our understanding of
Dipole pictue for DIS non-linear evolution with increasing energy ...

Non-linear evolution: BK

= ... themselves built on top of previous, fundamental,
developments

= Stay at the level of the “leading—order” formalism
(leading logarithmic approximation)
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~ Introduction & Outline

s

> These lectures:

L A risky attempt to provide a pedagogical introduction to
* Eyes vide shut relatively recent developments in our understanding of

Dipole picture for DIS non-linear evolution with increasing energy ...

Non-linear evolution: BK

= ... themselves built on top of previous, fundamental,
developments

= Stay at the level of the “leading—order” formalism
(leading logarithmic approximation)

= Lot of overlapping with previous lectures !
BFKL, BK, CGC, JIMWLK, Wilson lines, Saturation momentum ...
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~ Introduction & Outline

s

> These lectures:

L A risky attempt to provide a pedagogical introduction to
* Eyes wide shut relatively recent developments in our understanding of
Dipole pictue for DIS non-linear evolution with increasing energy ...

Non-linear evolution: BK

= ... themselves built on top of previous, fundamental,
developments

= Stay at the level of the “leading—order” formalism
(leading logarithmic approximation)

= Lot of overlapping with previous lectures !
BFKL, BK, CGC, JIMWLK, Wilson lines, Saturation momentum ...

= Lots of oversimplifications and handwaving arguments

(e.g., cartoons to be shamelessly presented as “Feynman graphs”)
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= Introduction & Outline

g

> These lectures:

L A risky attempt to provide a pedagogical introduction to
* Eyes wide shut relatively recent developments in our understanding of
Dipole pictue for DIS non-linear evolution with increasing energy ...

Non-linear evolution: BK

= ... themselves built on top of previous, fundamental,
developments

= Stay at the level of the “leading—order” formalism
(leading logarithmic approximation)

= Lot of overlapping with previous lectures !
BFKL, BK, CGC, JIMWLK, Wilson lines, Saturation momentum ...

= Lots of oversimplifications and handwaving arguments

(e.g., cartoons to be shamelessly presented as “Feynman graphs”)

= My supreme authority argument: the “Eyes wide shut” slide
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Eyes wide shut

Motivation

e Outline

e Eyes wide shut

Dipole picture for DIS

Non-linear evolution: BK

. Theorists, please shut your eyes !
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e.q_, Lecture |

b = The fundamental objectives
Dipole picture for DIS 1 BK equation : the physical argument, a sketchy
Non-linear evolution: BK derlva‘tlon’ qualltatlve SOIUt'On

0 BFKL equation (the linearized version of BK): an explicit
solution (energy dependence of saturation momentum)

= | shall mostly use DIS as the experimental paradigm which
motivates the physical problem
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Deep Inelastic Scattering at Small—- x

electron (k) + proton (P) — electron (k') + X (Px)

Motivation

Dipole picture for DIS k
O

s electron

e Partons

e HERA data

e Dipole frame

e Dipole factorization

e Dipole cross-section

e Single scattering

e Multiple scattering

e Saturation momentum P

Non-linear evolution: BK > X

proton i —
7/

/

= Useful kinematical invariants (2 independent ones):

2 2
2=_6¢°>0 = P)? EQ—ZQ—
« 20, s=ltP), w=gpT = T

High—energy : s > Q* > M7 <= Small-z: =z ~ Q*/s < 1
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.« The proton structure function

= Differential cross section for virtual photon absorbtion :

Motivation

Dipole picture for DIS 2 ,-Y*

e DIS ’Y*
e Partons
e HERA data

e Dipole frame

Y

e Dipole factorization

e Dipole cross-section

e Single scattering z

o Multiple scattering X ] X ]

e Saturation momentum \ }

Y VY
I

Y Y

\VJ \VJ

Non-linear evolution: BK

{

7.‘.2
r1epl@. @) = T Fala, @)

= Fy(x,Q?) = the ‘proton structure function’
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Parton distributions

=

The quark distribution function :

Motivation

Dipole picture for DIS F2 (:E7 Qz) — : :6? [:qu (:'U’ Q2) —|_ :Eq_f (:E7 QQ)]
Lo f

:

==y = g¢(z,Q%)dz : number of quarks of flavor f

e Dipole frame

S 0 with longitudinal momentum fraction between x and
e r+dz (p. =2P)

e Saturation momentum

0 localized in the transverse space within an area 1/Q?

(Az; ~1/Q)

= Parton evolution = Gluon distribution :

0F(z, Q s
S = 552000
f

= DIS : a measure of parton distributions with longitudinal
momentum resolution =z and transverse space resolution Q?

Non-linear evolution: BK
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Motivation

Dipole picture for DIS
e DIS

°o 2

e Partons

e HERA data

e Dipole frame

e Dipole factorization

e Dipole cross-section
e Single scattering

e Multiple scattering

e Saturation momentum

Non-linear evolution: BK
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.iH: Partons at HERA

> The gluon distribution rises very fast at small 2 ! (~ 1/2?)
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DIS at small =z

= At small x, the struck quark is typically a sea quark, emitted
e off the gluon distribution :

Dipole picture for DIS
e DIS

o 2 y * y *
e Partons

e Dipole frame

e Dipole factorization

e Dipole cross-section

e Single scattering A
e Multiple scattering
e Saturation momentum <

Non-linear evolution: BK

= The quark loop can be alternatively associated with the
virtual photon wavefunction
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Motivation

Dipole picture for DIS

e DIS

°o 2

e Partons

e HERA data

e Dipole factorization

e Dipole cross-section
e Single scattering

e Multiple scattering

e Saturation momentum

Non-linear evolution: BK

Dipole frame

= Make a Lorentz boost to the ‘dipole frame’ :

= ~* has a relatively high energy:

7" =(90,91.9:) = (V@® — Q% 01, —q) with ¢>Q
The proton still carries most of the total energy !

= ~* fluctuates into a qg pair which then scatters off the proton
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Dipole factorization for DIS

Motivation

1
Uv*p(xaQQ) - /0 dz/d2r \@7(z,r;Q2)|2 Udipole(xvr)

Dipole picture for DIS
e DIS
°o 2
e Partons r- - - - - - - - = =
e HERA data -
e Dipole frame : : 1 Z
| '
e Dipole cross-section | | |
e Single scattering | | r
o
P

Y

e Multiple scattering |
e Saturation momentum |

A

| § |
Non-linear evolution:8x. T — T/ — /= 7 [ g | —— — — — — — —
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Dipole factorization for DIS

Motivation

Dipole picture for DIS

e DIS r—-— - - - - - - - - - =
eF2 |

e Partons r

e HERA data |

e Dipole frame |

1
||
|
e Dipole factorization ||
||
|
L

e Dipole cross-section |
e Single scattering |
e Multiple scattering |

T § I
e Saturaton momentum T — - — 7 7 7 | g | ——— — — — — —

A

Non-linear evolution: BK

> Not restricted to single scattering !
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The dipole cross—section

= QOptical theorem: S =1 +iA
Motvatio Taipole(Z,7) = 2Sm A(s,t =0) = 2 [ d*b Sm A(z,r,b)

Dipole picture for DIS
e DIS

°o 2

e Partons

e HERA data ,Y* ( 2
e Dipole frame Q

e Dipole factorization r
' - A A '

R High energy: A ~ iT with real T
e Multiple scattering b
e Saturation momentum

T =1-—.5: ‘scattering amplitude’

Non-linear evolution: BK

O-dipole(aj?r) — 2/d2b T(CIT,’I",b)

r~ 1/Q U

= Unitarity bound: SST=1 = T(z,r,b) < 1
0 T <« 1:weak scattering
0 T = 1: ‘black disk limit’ (total absorption)
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Dipole in a background field

= Reminder (classical electrodynamics) :

Votivaton A small dipole ‘feels’ the electric surrounding field:
= Partons V(r) = e[Ao(b+ 1) — Ag(b)] ~ er'd;Ag(b) = —er - E(b)

e Dipole frame
e Dipole factorization

e Dipole cross-section e

e Single scattering > >

e Multiple scattering
e Saturation momentum V(r) —_ + (_e) r

<

A

Non-linear evolution: BK

Ao (b+r) Ao(b)

= QCD : ‘Color dipole’ = ¢qq pair in a color singlet state

. 1
er-E — gt'r-E, + averageovercolor: z-tr{...}
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-
.« Color dipole: single scattering

= A small color dipole scatters off the gluon fields in the target

Motivation

2
?iETISenictureforDIS V(rr) ~ gtar . Ea p— T(.fC,T,b) XX ].g\f—r2<Ea(b> : Ea(b)>x

e Dipole frame

e Dipole factorization ’y*
e Dipole cross-section
e Multiple scattering

e Saturation momentum

Y

Non-linear evolution: BK

0000000000 0NANNNNN 4
4
0000000000

)

as o 2G(x,1/r?)
T(x,r,b) =~ N 2 7TR2/

> A direct measure of the gluon distribution zG(z, Q?) at Q* ~ 1/r?
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Color dipole: single scattering

= A small color dipole scatters off the gluon fields in the target

Motivation

2
?iETISenictureforDIS V(rr) ~ gtar . Ea p— T(.fC,T,b) XX ].g\f—r2<Ea(b> : Ea(b)>x

e Dipole frame

e Dipole factorization ’y*
e Dipole cross-section
e Multiple scattering

e Saturation momentum

Y

Non-linear evolution: BK

0000000000 0NANNNNN 4
4
0000000000

T(x,r,b) x af — —
= T(x,7,b) - 0 as r — 0 : ‘color transparency’
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Motivation

Dipole picture for DIS

e DIS

°o 2

e Partons

e HERA data

e Dipole frame

e Dipole factorization

e Dipole cross-section

e Single scattering

e Multiple scattering

e Saturation momentum

Non-linear evolution: BK

Multiple scattering: Unitarization

= When decreasing = and/or increasing r : T'(x,r) ~ O(1)

= Eventually, the single—scattering approximation violates

unitarity
S

Y

L00000000000MO0QNNNN
A
Q0000000000

L
i & '

= Multiple scattering becomes important and restores unitarity

L000000000N0NNONNAN 4

L00000000000HO0NNNN 4

Q0000000000 4
Q0000000000
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The Saturation Momentum

= Onset of unitarity corrections: T(z,r) ~1 <=1 ~1/Q:(x)

Motivation

2
Dipole picture for DIS Qg(x) ~ g fEG(fE, QS) ~ :C—)\

e DIS

°o 2

e Partons

e HERA data

e Dipole frame Y =In 1/x
e Dipole factorization

e Dipole cross-section

e Single scattering

e Multiple scattering

e Saturation momentum

Non-linear evolution: BK

N, mR?

A

black disk

color transparency

T <<1

>
In /\CZQCD In Q2
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The Saturation Momentum

= The gluon occupation number (or ‘packing factor’):

Motivation ( Q2) T X :EG(:C7 Q2)

ipole picture for n{x = 2

?B;p for DIS Y 622 7Tl%2

o F2

- e g = Onset of non-linear physics : n ~ 1/a, <= A’ ~ 1/g

e Dipole frame
e Dipole factorization

e Dipole cross-section A
e Single scattering Y =In1/x

e Multiple scattering Saturation

n Q2 (V)= A Y
Non—linear evolution: BK

‘ Dilute system

T BFKL

DGLAP

> >
In A2, In Q?
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Bremsstrahlung: probability

= The ‘infrared sensitivity’ of bremsstrahlung favors the
Votivaton emission of ‘soft’ (= small-x) gluons

Dipole picture for DIS

Non-linear evolution: BK

e Bremsstrahlung 2
e BFKL Evolution P )
e Light Cone Z

e Dipole splitting

e Dipole evolution
e Balitsky equation k =
e BK equation V4 Z

2
asCp d'ky dk. X &Sd_ac = a,dY

dP rem =~
. 72 k2 k, x

Y =1In E ~ Ins = dY = dz . rapidity”
X X
= A probability of O(a;) to emit one gluon per unit rapidity.
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.{"ﬁ Bremsstrahlung: probability

= The ‘infrared sensitivity’ of bremsstrahlung favors the
Votivaton emission of ‘soft’ (= small-x) gluons

Dipole picture for DIS

Non—linear evolution: BK
[« Bremssuahing 2
e BFKL Evolution P

e Light Cone Z

e Dipole splitting

e Dipole evolution
e Balitsky equation
e BK equation

dPBrem =~ D)

Y =1In E ~ Ins = dY = dz . rapidity”
X X
= A probability of O(a;) to emit one gluon per unit rapidity.
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Eyes wide shut

Motivation

Dipole picture for DIS

Non-linear evolution: BK
[« Bromssurahing |
BFKL Evolution
Light Cone
e Dipole splitting
Dipole evolution
Balitsky equation
BK equation

. Theorists, please shut your eyes !
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The gluon distribution of a single quark

= N(x, k)= # of gluons with longitudinal momentum
Motivaion fraction z and transverse momentum &, radiated by a quark.

Dipole picture for DIS

Non-linear evolution: BK

Q2
« GRKL Evoluon unintegrated gluon distribution” : 2G(x, Q%) = / dk? N(z, k1)
e Light Cone

° Dig:)ole splitting

e Dipole evolution

o e = Lowest order in a; :
2
P, >
kZ =X PZ
Ky
dPBrem asCF 1
Nz k) = v — ~
k) =g, dk? T K
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.« Gluon evolution with increasing energy

= O(asIn(1/z)) : First order correction
Motivation (“leading logarithmic approximation™)

Dipole picture for DIS

= One intermediate gluon with z; inthe range » < ;1 < 1

Non-linear evolution: BK
e Bremsstrahlung

e Light Cone

e Dipole splitting

e Dipole evolution

e Balitsky equation

e BK equation

>

X1 << 1

= A contribution of relative order

1
1
P(l)ocozS/ %:asln—

I T
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= O((agY)"):

Motivation

r << T, < Tn_i

Dipole picture for DIS

Non-linear evolution: BK
e Bremsstrahlung

| ﬁ Gluon evolution with increasing energy

n intermediate gluons strongly ordered in x

L T X 11 K 1

e BFKL Evolution

e Light Cone

e Dipole splitting

e Dipole evolution
e Balitsky equation
e BK equation

SCHOOL ON QCD, LOW X PHYSICS, SATURATION AND DIFFRACTION: Copanello (Calabria, Italy), July 1 - 14 2007

Non-linear evolution & Gluon saturation in QCD at high energy (I) — p. 24




|
-
.« Gluon evolution with increasing energy

= The sum of all contributions exponentiate:

Motivation 1 1 n ey - 1
Dipole picture for DIS Z . Oés ln - ~ e s Wlth Y ln -

n! x
Non-linear evolution: BK n
e Bremsstrahlung
> >
e Light Cone
e Dipole splitting
e Dipole evolution
e Balitsky equation

e BK equation + +
X << 1

X << 1

N(Y, k)

= “BFKL resummation” (Balitsky, Fadin, Kuraev, Lipatov, 78)
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Gluon evolution with increasing energy

= The sum of all contributions exponentiate:

Motivation 1 1 n ey - 1
Dipole picture for DIS Z . Oés ln - ~ e s Wlth Y ln -

n! x
Non-linear evolution: BK n
e Bremsstrahlung
> >
e Light Cone
e Dipole splitting
e Dipole evolution
e Balitsky equation

e BK equation + +
X << 1

X << 1

asC 1\ .
N(Y, k) ~ WF (/72) eV
1

= “BFKL resummation” (Balitsky, Fadin, Kuraev, Lipatov, 78)

SCHOOL ON QCD, LOW X PHYSICS, SATURATION AND DIFFRACTION: Copanello (Calabria, Italy), July 1 - 14 2007 Non-linear evolution & Gluon saturation in QCD at high energy (I) — p. 24




-
. Light Cone notations & Kinematics

= The hadron moves in the positive z direction, withv ~ ¢ = 1

At

Motivation +

Dipole picture for DIS

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution

e Dipole splitting

e Dipole evolution

e Balitsky equation

e BK equation

Y
N
Y

N Y

Az =1/P

= Longitudinal momentum P > M — P* = (E =~ P,0,0, P)

1
PT = E(EJFP) ~ 2P, P~ =

= A classical particle: z ~ t or x= ~ 0 with

1 1 N
ﬁ(t+z):\/§t, x :—Q(t—z)_O

(F—P) ~0

Sl

ZC+E
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Light Cone notations & Kinematics

= The hadron moves in the positive z direction, withv ~ ¢ = 1

At

Motivation +

Dipole picture for DIS

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution

e Dipole splitting

e Dipole evolution

e Balitsky equation

e BK equation

Y
N
Y

N Y

Az =1/P

= Longitudinal momentum P > M — P* = (E =~ P,0,0, P)

Pt = \%(EJFP) ~ 2P, P~ = \%(E—P) ~ ()

= Even for the guantum system, the wavefunction is strongly
localized near x— = 0 (“pancake”)
1 1

~ K

|
Az~ ~ —— —
‘ Pt M S M
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Light Cone notations & Kinematics

= The hadron moves in the positive z direction, withv ~ ¢ = 1

At

Motivation +

Dipole picture for DIS

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution

e Dipole splitting

e Dipole evolution

e Balitsky equation

e BK equation

Y
N
Y

N Y

Az =1/P

= Scalar product: k2" =k 2T +kTaT —k-y

0 gzt = LCtime = £k~ = LC energy/Hamiltonian
0z~ = LC longitudinal coordinate = k™ = LC momentum

= \ectorial (gauge) interactions : J, A* = JT A~

E.g. JH(z) = gyp(z)t®yTy(z) for aright—-moving quark
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|

g
-{"“:— Bremsstrahlung: amplitude

= The amplitude for emitting a ‘soft’ gluon off a fast source

Motivation

ta
P, > (1-x)P, » -k

Dipole picture for DIS

Non-linear evolution: BK

e Bremsstrahlung

e BFKL Evolution

e Dipole splitting kZ =X PZ ] kJ_ ’ >\‘
e Dipole evolution

e Balitsky equation

e BK equation

= Use light—cone (LC) gauge AT =0

1 1

MG (kT k) ~ gt%y
A L) =g » /(@2n)32kt AE

= The energy denominator = the inverse of the gluon lifetime

KL _ kL

2ep 2k,

AE = —p + \/:1:2192 + k3 + \/(1—:1:)2]92 +k2 o~
= Repeat the argument for the LC energy P~ : AE = k7 /2k*
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= Bremsstrahlung: amplitude

g

Motivation Z

Dipole picture for DIS

Non-linear evolution: BK

e Bremsstrahlung k =X P ’ k

e BFKL Evolution Z Z J_
e Light Cone

e Dipole splitting
e Dipole evolution

« Balsky equation = NB: The lifetime of the virtual gluon is proportional to its
longitudinal momentum (Lorentz time dilation)

h 2xp
At ~ — = ——
AFE ki
= The smaller z, the shorter the lifetime !

= Even at small z, At is still large on natural time scales:

1
At > — so long as ki, < k,=uxp
Lp
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=
.« Bremsstrahlung: amplitude

] (ta)," '
P, - — L (1P, » -k,

Motivation

Dipole picture for DIS

Non-linear evolution: BK kZ =X PZ ’ kJ_ ) }\‘
e Bremsstrahlung
e BFKL Evolution

e Dipole splitting no no_ — . - __

e Dipole evolution - k‘,LLE)\ - O &' 6)\ T (07 6)\ Y €>\) 6)\ — EXx- kJ—/k+
e Balitsky equation

e BK equation

1 2k T 2gt° -k
MS(ET kL) ~ gt®ey . J A 5 =
V (2m)32kt K1 V(2m)32kT k1

OéSCF d2kJ_ dk+
w2 kT kT

dPorem = Y IMS(KT k1)? dPky dkT ~
a,\

= NB: sum/average over color : (1/N.)t;(t{;)* = Cr

sum over polarizations: ), € (e})* = %
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= Bremsstrahlung: amplitude

g

= The amplitude for soft gluon emission in coordinate space

Motivation

Dipole picture for DIS ) XJ_

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution )
e Light Cone
e Dipole splitting ZJ_

e Dipole evolution
e Balitsky equation
e BK equation

= r =z — x . Gluon position with respect to the parent quark

My ) = [T ke g e
)\( ,’T‘) (27T)2 € )\( ) )

= The amplitude to emit one gluon at z from a quark at x
(Exercise !)

2igt* €y (x — 2)
V(2n)32k+ (T — 2)?

MS (kT x—2) =
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&

Dipole splitting : amplitude

s

= Soft gluon emission from a color dipole (x, y)

Motivation

o da
Dipole picture for DIS . .
i ictu i (t )Ij

Non-linear evolution: BK - X > X
e Bremsstrahlung / 7 4

e BFKL Evolution / //

e Light Cone | 7 : Z

e Dipole evolution \ \

e Balitsky equation \ N \ N

e BK equation - <€ - y < y

i (1t oy z) — ti; 21g ex (x—2) _e,\-(y—z)
./\/l)\ (k < Ly Y, ) \/Nc \/(27’(’)32]6’_‘_{ (ZE—Z)2 (y_z)2 }

= NB: Before emitting the gluon, the quark and the antiquark
composing the dipole have both the same color
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&

.. Dipole splitting : probability

s

= Amplitude times complex conjugate amplitude yields this:

*

Motivation - X

Dipole picture for DIS

%rom\ z - X Q00 »9< -
Non-linear evolution: BK
e Bremsstrahlung y é _

e BFKL Evolution
e Light Cone

« Dipole evolution = ... which is the same as this :

e Balitsky equation

»
>
< ;
<

<
<

A

e BK equation

| I
NG NG
>» >

' |
X 3 3P >
| \QE | E}; | |
z = _
5 | | 3
y D T *

- _‘k_ p—

<

= Differential probability for ‘dipole splitting’ : (Exercise !)
ach (ZE o y)2

2m? (x = 2)*(y — 2)

dPspiis = > d*zdY

= Interpretation (large N.) : one dipole (x, y) splits into two
dipoles (x, z) and (z, y)
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Dipole evolution in DIS

Motivation

Dipole picture for DIS

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution = <t §
e Light Cone
e Dipole splitting

e Dipole evolution

e Balitsky equation
e BK equation
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&

e-"?,_, Dipole evolution in DIS

Motivation

Dipole picture for DIS

Non-linear evolution: BK
e Bremsstrahlung
e BFKL Evolution

@,
O
e Light Cone
e Dipole splitting
e Dipole evolution

e Balitsky equation
e BK equation

> Make one step in rapidity: Y — Y + dY and use the rapidity
Increment dY to boost the color dipole.
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e-"?,_, Dipole evolution in DIS

Motivation

Dipole picture for DIS

YA

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution

e Light Cone

e Dipole splitting

e Balitsky equation

e BK equation

Q000000000 QNQN
0000000000000 DD
A
Q000000000
Q00000000

> The original dipole splits into two new dipoles which then can
scatter off the target fields.
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9
e
|

Motivation

Dipole picture for DIS

Non—linear evolution: BK
e Bremsstrahlung

e BFKL Evolution

e Light Cone

e Dipole splitting

e Dipole evolution

e Balitsky equation

e BK equation

The first Balitsky equation

= (S(x,y))y : the S—matrix element for the scattering between
the dipole (x, y) and the target separated by a rapidity gap Y

0 |(S(x,y))v|2 = the dipole survival probability

0 (S(x1,y1)S(x2,y2))y : the S—matrix for a projectile
made with 2 dipoles: (x1,y:) and (x2, y2)

= Oneevolutionstep: Y — Y +dY with o,dY <« 1

dPs i
(S(x,y))yray = (1 —dY/dQZ dYszl;)@(w,y»Y
d Py
+ dY/d2Z ch;l; (S(x,2)S(z,9))y
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a\ﬁ The first Balitsky equation

0 s (x—y)?
oy (S@y)y = o

Dipole picture for DIS

Non-linear evoluton: BK = Not a closed equation ! (one dipole — two dipoles)

e Bremsstrahlung
e BFKL Evolution

« Light Cone = Rewritten for the dipole scattering amplitude T'=1 - 5':

e Dipole splitting
e Dipole evolution

e Balitsky equation

« BK equation i - L Qs (w_y)2
8Y<T( Yy = 27r/z(:1:—z)2(y—z)2

(~T(@.y)+T(@,2) + T(z,y) - (@ 2)T(2y))

BFKL (linear) non-linear

P g §<: < > < < 55
> D
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The Balitsky—Kovchegov equation

= Mean field approximation assuming factorization:

Motivation

Dipole picture for DIS <T($, Z)T(Za y)>Y ~ <T(£E, Z)>Y <T(27 y)>Y

Non-linear evolution: BK
e Bremsstrahlung

e BFKL Evolution

e Light Cone

e Dipole splitting

e Dipole evolution

e Balitsky equation

< < < < > >

(€ (€
> D

S S
S S =

I~

= Neglects correlations in the target wavefunction.
= Some usual justifications in the literature:

0 large nucleus A > 1
0 large N,
0 leads to a relatively simple (closed) equation v/

SCHOOL ON QCD, LOW X PHYSICS, SATURATION AND DIFFRACTION: Copanello (Calabria, Italy), July 1 - 14 2007 Non-linear evolution & Gluon saturation in QCD at high energy (I) — p. 32




mﬁ The Balitsky—Kovchegov equation

iT(a},y) _ 545/ - (x—y)°

Motivation aY 27-‘- _Z)2(y_Z)2
Non-linear evolution: BK {_T(w7 y) _|_ T(CB, Z) _|_ T(z7 y) o T(CB, Z)T(Z7 y)}
e BFKL (linear) non-linear

e Dipole splitting
e Dipole evolution

e Balitsky equation

_ Notations: a, = a,N./m, T(x,y) = (T(x,y))y

Weak scattering T' < 1 (low energy/small dipole) =—- BFKL

0 T = 0 : unstable fixed point of BK equation
0 unitarity violations, infrared diffusion

Strong scattering T' ~ 1 = Non-linear effects

0 T =1 : stable fixed point of BK equation

BK equation: a simple framework to study unitarization
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