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1 High energy amplitudes

Elastic scattering
A+B— A"+ B
Mandelstam invariants
s=(pa+pp)’, t={pa—pa)’, u=(pa—pp)°,
s+t+u=4m?, ph =py = pa = ph =m’
Regge kinematics in the s-channel
s=4FE*> —t=|q|* =~ E* 0%, g =pa — pa
Sudakov decomposition of ¢

m2+ q2
q=qL+ SH(pA—pB)%qL

Impact parameter representation

SA(s, 0)
s

A(s,t) = —2733/612,0 e (ei‘s(s’ﬁ) — 1) . Op =

Total and elastic cross-sections

o = 2/d2p§R(1 —ei(s(s’ﬁ)) . Opl = /d2p|1_6i5(s,ﬁ)‘2




2 Regge model

Mellin representation

a—+100
/ = &p(7) fp(,t) s’ . a>0

oo 2T

Signature factor

Regge poles in t-channel partial waves

Ya(t) vB(1)
J = Jp(t)

fp(jv t) —

Linear Regge trajectories

1_
2y — 27“—!—?]9, (r=0,1,..)

Jp(t) = Jp (O)‘H)‘ t, jp(m
Pomeranchuk trajectory
jp(t) =1+ Ap+apt, p=1, Apk1

Pomeron contributions

Ap(s,t) = iya(t)vp(t) 0, 0ftf = 74(0)v5(0) s°




3 Production amplitudes

Inelastic scattering

A+B—- A +B +di+ds+...+d,

Multi-Regge kinematics

s> s, = (k1 + k) > qp)? ke = @0 — @rpa

Sudakov decomposition of particle momenta

krpB krpA
. —

kT:qu:—i_ﬁrpA—i_anBvﬁ?‘: y G —
PAPB PADPB

Transversality of momentum transfers
¢ =qr + Bpa — ar_1pp, (@) = —|a@|?

Kinematical constraint

n—+1 n

H Sp =S H (m2 + [kr|?)

r=1 r=1
One particle production amplitude

My 5 = (_S)j2(—Sl)jl_j2fL—|_(_S)j1(_82)j2_j1fR—|—...




4  Gluon reggeization

QCD Born amplitude in he Regge limit

: ¢ 28 e
MA B (S,t)|Born — gTA’A 5>\A/>\A 7 gTB’B 5>‘B’>‘B

Leading logarithmic approximation

MAE (5,t) = M4 (5,8)| Born s,

2

aglns ~ 1, aszg—<<1
4

Gluon Regge trajectory in LLA

ozSN |q]2 as N, q
— d?k ~ — |

Gluon production amplitude in LLA

w1 w2

2
C(Gny gn—1) 3
a2 g

S1

S
M2—>1—|—?’L ~ ‘ ‘2 chdglclc(QQ7 Q1)

Multi-Regge kinematics

QT—i—lq;

S>> Sy = (kr—l + kT)Q > ‘Q'I"|27 C(qr-i-l’ (]r) — L *




5 BFKL equation (1975)

Impact parameter coordinates and momenta

0

Pk = Tk + Yk, Py = Tk — 1Yk, szia—a Py =
Pk

Balitsky-Fadin-Kuraev-Lipatov equation

as N,

01.00) = Hqo U(07. D A =—
P, P2) 12 ¥(p1, p2) , o

BFKL Hamiltonian

1 .
His =1In |p1p2\2 + D1 (In ’,012|2)Z91Pz

1P2
1 2\ %
+——(n|p12|")pip2 — 4¥(1), p12 = p1 — p2
P1D2
Mobius invariance and conformal weights (L. (1986))
apr + b
cpor +d’

m=y+n/2, m=~v—n/2, y=1/2+iv

Pk

Bartels-Kwiecinski-Praszalowicz equation (1980)

e Po) = HY(Fy, ...,




6 Integrability of BKP model

Holomorphic factorization for N, — oo (L. (1988))

U (1, P2y vs Pr) = Z Ar,s o (p15 e Pn) s (075 o5 01)
Duality symmetry (L. (1998))

Pror+1 — Pr = Pr—1,r

Simplest integral of motion

A=q, = P12P23---Pnl P1P2---Pn , [h, A] =0

Transfer and monodromy matrices (L. (1993))

T(u) = trt(u), t(u) = LiLy..L, =Y u" "y,
r=0

U =+ Pk Pk Pk

) ,Z:ui+iP
— Pk Pk U — Pk Pk

Yang-Baxter equation (L. (1993))




7 Effective action (1995)

Effective action local in rapidity y

S = /d4w(Lo+Lz’nd) y=yol <,y =
QCD Lagrangian
Z¢D¢+1TT GW, = 0y +gv,, G
Induced contribution
= LF +LGR LF = —0,A%0,A%, 0+ Ax(x) =

Gluon-Reggeon couplings

+

;| "; v+<x’>d<x’>+>

v_ (:C’)d(a:’)+> O2A,

- ) O2A_




8 AdS/CFT correspondence

Maldacenna guess for N =4 SUSY
YM (D =4) = String (D = 10)
String compactification
() = AdS5 x Sk
Anti-de Sitter space
— X2 - Xg+ XT+ X5+ X+ X, =R
5-sphere
X+ X5+ X3+ X5+ X5+ X7y =R?
Polyakov correspondence
E*|p=10=(j +T)* =4|p=a, T = —2y

Anomalous dimensions of local operators

G,
0 (Q?)

< |0!] 5=}, < [0} >, a(Q?) = const




9 Pomeron in N =4 SUSY

BFKL kernel in two loops (F., L. (1998))
w=4ax(n,y)+4a*An,v), a=g°N./(167%),
x(n,v) =2¥(1) = ¥(y +[n[/2) = U(1 =7+ [n[/2)

Non-analytic terms in QCD (K.,L. (2000))
Agcp(n,y) = codn,o + c20n2 + ...

Hermitian separability in N = 4 SUSY (K.,L. (2000))

p(M) + p(M*)
2a0/w

A(n,7) = ¢(M)+o(M”™)—

SECERTe
4 2 2

F(M)+5¢(2), (2

Maximal transcedentality (K.,L. (2002))

G(M) = 3C(3)+ 0" (M) ~20(M)+25 (M) (¥(1) - ¥ (M))

o) = 3 U (we ) — SEED W)

k:0k+M k+ M




10 Pomeron and graviton

BFKL Pomeron in a diffusion approximation
j=2—A—-Dv?

Anomalous dimension of twist-2 operators

J—2
7—1+T+w

Constraint from the conservation of 7,,

PN U V7
T=0 2)<2 1++/1+ ]2/A>

AdS/CFT for the graviton Regge trajectry

/ R2
]_2+7t t=FE*/R*, o -

Gubser, Klebanov and Polyakov prediction

1 .
Yz, j—o00 = TV J— 2A|j—/>oo = V7] Zl/4

Pomeron intercept at large o (K.,L.,0.,V.)

j=2—-A A:lz_l/Qmﬁz_l/Q
’ s 2T ’

— A

See also: Polchinsky, Strassler, Brower, C-I Tan




11 Anomalous dimensions

Parton distributions

fal. Q%) = /k (@) a=g.0.9
2< 2

Mellin transformations

1
£a(G.Q?) = /O do 2 fu(w, Q)

DGLAP equation and anomalous dimensions

yim nga]Q Z%b ) o3, Q°)

Light-cone components

a p— ~'u1 M a
O ntt..n Om, »

Mixed projections

~M1 S U1+ w a o1 O|n|
n n O/"l’17 7M1+W7O-17"'7O-|n| lJ_ ...ZJ_

Eigenvalues of the BFKL equation

) n .
w=j—1=w(y,|n|), m=q+g,m=9-




12 Omne-loop anomalous
dimension in N =4 SUSY

Anomalous dimension matrix (L. (1997))

8 8 8 8 16
———+t—-—- + - +851(7), = ——,

8 8 4

qu::__gijij+_j _-Etpi- j—1

16 32 32 16 16 .
; +j+1—j+2, Yag = 7 +j+1+851(1),
24 24 12
y Vg = _j—|— 1

Ygg =

y Vg = T

Yag = —

y Vpp = 8Sl(j)7

7"”g__j+1+j+2
N 16 16 8

—+ ——4+851(J), Yoo = ——+ ——,
; 1 1(]) Ygq [

~ 16 32 8 8

Ygg = —

- —j+1a%q:3—j+—1+851(j)

Diagonalization in the Born Approximation

Yag =

S1(j —2) 0 0 S1(7—1)
0 S1(4) 0
0 0 Sl(j—|—2)

Integrable Heisenberg spin model (L. (1997))




13 Maximal transcedentality

Most transcendental functions (K.,L. (2002))

v(j) = av(j)+a 2 (j)+a’ys (i) +-.., m(+2) = —451(
Two-loop dimension (K.,L.,V. (2003))

Y2(j + 2)
8

Three-loop dimension (K.,L.,0.,V. (2004))

= 25, (SQ -+ S_Q) — 23_2,1 + 5354+ 5_3

v3(j +2)/32=—-12 (S_311+S-212+5-221)
+6 (S_41+S 32+S5 23)—38_5-2855 5— 55
—257 (35 34+ 93—285 51)—52(S_3+S53-28 _51)
+24 5 5111 — S1(85—4+ 525 + 45,5 5 +257)
~S51 (384 —128_31 —10S_55 +16S_511) ,




14 Special cases

Singularitiesat j =14+ w — 1

4

_ 4 1 16a*
YN=A(5) = a— + 062 +32(30° — — — (32<3 + W—w)
W W W 9

DL resummation at 3 +2r =w — 0
WYuni — fnysz + 16&2(52 T CQ — S%)
+4a (1 —wS1 — CUQ(SQ + CQ) + ’}/2(52 + S_Q))

Anomalous dimensions at large j
alN.

s

Yuni = a(z) Inj, z = 4a

Perturbative results

2 11
a = —z+%z2— %71'4234—...

Gubser, Klebanov, Polyakov prediction
31n2
lim a = —2'/% + 1
Z—00 41

Resummation

2
_ 7T_2_i43
= z+12z 727rz 4+ ...




15 Eden-Staudacher approach

Linear set of ES equations for a(z) (K.,L. (2006))

2(1 — (1,1’6)

R a’nlaﬁ) ) CL(Z) — € )

O R 2—2R—n—n’
Kn,n’ (6) = 2n Z (—1) 62R—|—n—|—n’
R=0

2R+n+n"—1)2R+n+n")!
RI(R+n)(R+n) (R+n+n')

C2R+n+n")

Transcedentality with integer coefficients

00 k
W0 =8% (_%) S e [T CCs0) . 3 s = 262
k=1 T t

[5¢]
Another representation for K, ,(¢)

e N G Y S B NE L
l(n)l'(n' + DI'(n+n' 4+ 1)en+™ — frntn' o n

Generalized hypergeometric function (n =

/

_ 1 _ _ 1 , _
F (z) =4 Fg(n—|—§,n, n—|—1,n—|—§;n—|—1,n +1,2n+1; x)

n




16 Strong coupling limit
Beisert-Eden-Staudacher equation

2 2
(6 + KO + Kl + EKlKO) F(CC) = (1 + EKl) K()(S(CC) y

©@) t/
/ dx’ — ; Ky(z,2") F(2'),
0

6 —_

2 o0
- = > (@r—1+4s) Jap145(x) Jar—145(y)
7“:1

Essential singularity at 2z =0 and g — oo

00 . 2'2 1
XBES Z / dz’ eXp ez’
sing ( — 0(2 6_1) 2w oz — 2

Recurrent relations

Gdl =1-— idg, ne dn = —idn_l — idn_|_1

Agreement with the AdS/CFT prediction (K.,L.)

Vsing —




17 Meromorphic properties

BFKL prediction at j =14+ w — 1

a &2 &3 7‘(‘4 &4
Y(j) =4—+0—+32G— —16 (326 + —w | — +...
W W W 9 W

Poles of y(j) at j+r=w — 0

71ij) _ % —Si(r4+1) —w(Sa(r+1)+ ) + ...,

Y2(4) _ 1+ (=1)"
16 23

1+ (—1)

— 51(7“4- 1)

_GH (DG H250 4 1)

7 e

N1 (1) 1+ 2(-1
130) _ +u()5 ) —251(r +1) i w(4 -
— S+ 20 + (=1)"(352 — 357 +2¢) +

w3

Effective parameter of the expansion

A

a
T = —
2

Diftferent singularities for even and odd r

. a . 4a
’Y(])j—>—(2k) — ; a(ﬂf)a ’Y(])j—>—(2k+1) = U +




18 Double logarithms

Double-logarithmic approximation

oo

A(S):ABornf( )7 f(p):ZCkak, /02

k=0
Example: ee-backward scattering (GGLF, (1967))
J
V2a/T

Ansatz for ep structure functions

100 d 100 2\ 7Y
W(:E,QQ):/_, %w‘“’/_, (%) ¢uw(7)

100

DL evolution equations in A (KL (1986))

Positive signature in N = 4:
V+(w —74) =4a

Negative signature in N = 4:

A

A a
/7—("‘) _7—) — 40’_8_/787
w

d
_ :2A 2”\_
Ye(w —v8) =2a + G~




19 Four-loop result (KLRSV)

4 4S_7 4+ 6S7+2(5_313+5-322+5-331+5-241)

256

+3(—=S_25+S5S_23 _2)+4(S_214—5_2_9_-21—5_212,-9
—S5_9921,-92—S51,-213—51,-222—51,-231)+5(—S_3.4+
S_9_9_3)+6(—S5_2+S51,-24—5_2_921_-2—51 9229
+7(—S5-2,-5+S-3,-2-2+5-2 -3 2+5 2 23)+8(5-4132
+S_421—5_5_2—5_43—5_921-2_-9+51-211,-2)+

gLy Ly T

953 _9._—9—10851 _92 _2+115_ 32 o+12(S_22 _3—5_¢1
+S514,—2+ 84,21+ 541, 2—5-311,—2—5_22_21—
S1,1,23 —S1,1,3,—2 —51,1,32 — 51,2,1,3 — 91,2,2,—2—
S1,2,22 = 51,231 —51,3,1,—2 — 51,3,1,2 — 91,3,2,1—
So._212—52-221—9521,1,3—5212-2— 521,22
52.1,31—52,2,1,-2—52212—52221—5231,1—9531,1,—-2—

YA

S3112—953121—S53211)+ 135 03 —14S55 21 9

PR Y A

—72511,1,—4—8051,1,-4,1—C(3)S1(S3 —S_3+2S_21)

Y




20 Singularities in 4-loops

BFKL prediction for v in 4 loops

,7.‘.4 &4
jh_)rr% v4(j) = —16 (32C3 + ?w) I + ...

Asymptotic Bethe anzatz result (KLRSV)

012

lim 7a(j) = -7

Dressing phase modification (Wrapping effect)
473 S_3 35357 3519 353 S_ 178
G 3, 992201 99102 393 o211 1loa

8= 51 "1 A 3 3 6 24

DL resummation at 3 +2r =w — 0

V() w =7() =4a (1 —wSi —w?(S2 + (2))
+16a2(So + Co — S2) +4a~v%(5)(S2 + S_»)

Agreement with the double-logarithmic prediction

1

2_56 74|j—>—2k+w —

24 57 — 14(S2 + (o) +4(S2 + S_»)
- = -+




21 Discussion

Pomeron as a composite state of reggeized gluons.
Integrability of the BFKL dynamics.

Effective action for reggeized gluons.

Properties of the BFKL kernel in N = 4 SUSY.
Pomeron-graviton interplay.

Maximal transcedentality.
Beisert-Eden-Staudacher equation and AdS/CFT.
Meromorphic properties of .

BFKL predictions .

10.Double-logarithmic resummation.

L.
2.
3.
4.
D.
6.
7.
8.
9.

11.Next-to-leading DL singularities.
12.Inconsistency of the four-loop result and wrapping.

13.Plausible guess for the anomalous dimension.




