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Introduction and Motivations

Scattering A + B — A’ + B’ in the Regge kinematical region s — oo, t fixed

@ BFKL approach: convolution of the Green’s A p A
function of two interacting Reggeized gluons A
and of the impact factors of the colliding
particles.
@ Valid both in
LLA (resummation of all terms (as Ins)™) >
NLA (resummation of all terms as(as Ins)™). B 22

@ The Green’s function is determined through the BFKL equation.
[Ya.Ya. Balitsky, V.S. Fadin, E.A. Kuraev, L.N. Lipatov (1975)]

@ The kernel of the BFKL equation is completely known in the NLA for the forward
(t = 0) case ... [V.S. Fadin, L.N. Lipatov (1998)]
[G. Camici, M. Ciafaloni (1998)]

@ ... and for the non-forward (t # 0) case [V.S. Fadin, R. Fiore (2005)]



Impact factors have been calculated in the NLA for

colliding partons [V.S. Fadin, R. Fiore, M.I. Kotsky, A.P. (2000)]
[M. Ciafaloni and G. Rodrigo (2000)]
forward jet production [J. Bartels, D. Colferai, G.P. Vacca (2003)]

Colorless NLA impact factors

oy =177
[J. Bartels, D. Colferai, S. Gieseke, A. Kyrieleis (2002)]
[V.S. Fadin, D.Yu. lvanov, M.l. Kotsky (2003)]
[J. Bartels, A. Kyrieleis (2004)]

e v — V,withV = p° w, ¢, forward case
[D.Yu. Ilvanov, M.I. Kotsky, A. P. (2004)]



The ~v* — V impact factor can be used to build the (forward) v*v* — V V amplitude;
this is the first amplitude of a physical process completely calculable within perturbative
QCD in the NLA.

(For the Born non-forward case, see [B. Pire, L. Szymanowsky, S. Wallon (2004);
B. Pire, M. Segond, L. Szymanowsky, S. Wallon (2006)];

for the LLA case and for an estimated NLA result, see [R. Enberg, B. Pire,

L. Szymanowsky, S. Wallon (2005)])

@ Theoretical importance:

@ possibility to understand the role and the optimal choice of energy
scales in the BFKL approach
e comparison between different approaches (BFKL vs. DGLAP, etc.)

@ Phenomenological interest:
o first step toward the application of the BFKL approach to the
description of

@ v*p — Vp, at HERA
@ v*y* =V V ory*y — VJ/V, at high-energy ete™ and e~ colliders
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Kinematics and BFKL amplitude

Y (P)v*(P") — V(p1)V (p2)

pf=p5=0, 2(pp2)=s
(p1 and p, Sudakov vectors)
virtual photons’ momenta:

Q? Q?
P=api——cpp, p'=aP-—Ep
a’'s

s> Qf, > Niep
Q? / Q2
P—Pl—spb D—Dz—spl

@ Longitudinally polarized vector mesons are produced by longitudinally polarized
photons; other helicity amplitudes power suppressed by ~ m,/Q; »;
[D.Yu. lvanov, M.1. Kotsky, A. P. (2004)]

@ forward scattering, i.e. zero transverse momenta of the produced mesons
s

Ims(A) = @2/ Gz CI>1((11,50)/ (—02,50) 6/ o (*)wGw(f_ﬁ,q’z)

§—ioco
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Definition and general structure

®p_p (G, A, 50) = o ( So ) bel=a) ( So ) B A0
A—ar (01, A, So =
\/NZ -1 (41 — A)?

XZ/—O(S/\—H)derA{f}< A’{f})*

{f}

D-2 . . R s2
- / LK B (K, &, so) KB (K, Gy, A)in | — A
2 kZ(k A)Z So(k* 1)2

rs - effective vertex for the process A+Reggeon— {f}



.y, V=p"w¢ forwardcase (A =0)

Sudakov vectors: py, p, P2 =ps =0, 2(pip2) =S

_ Q?
p=p1 S P2
k+Q2+q?2 L
q:%pzﬂu, 9>=03 =-qG?
Kk+q2
q = Sq p2+49L,

g2, Q2 > any hadronic scale; neglected power suppressed contributions



In this kinematics the impact factor can be calculated in the collinear factorization
framework.
[V.L. Chernyak, A.R. Zhitnitsky (1977, 1980)]
[V.L. Chernyak, V.G. Serbo, A.R. Zhitnitsky (1977, 1980)]
[G.P. Lepage and S.J. Brodsky (1979, 1980)]
[S.J. Brodsky, G.P. Lepage, A.A. Zaidi (1981)]
[A.V. Efremov, A.V. Radyushkin (1980)]

The dominant helicity amplitude is 7" — V.

Factorization, both in LLA and in NLA, in the convolution (here, <I>ﬂ,: v, isthe
unprojected impact factor)

1
Ameqhy 5
ooy (@, 80) = —%/ dz Th(z, @, So, F, 1R ) B (2, 127 )
0
g2
fy ~ 200 MeV , a=2
Q2

Ty hard-scattering amplitude, perturbative series in as(ur), #3 ~ Q2,62



¢ (z) meson twist-2 distribution amplitude

1
(01T (O W(y)VL(P1))yzo = fv P / 4z =0 4 (2, )
0

(path-ordered gauge factor between quark operators implied)

The distribution amplitude has the meaning of probability amplitude to find a meson in
a state with minimal number of constituents — quark and antiquark — when they are
separated by small transverse distances, r; ~ 1/uf

p2 ~ Q?,q 2 factorization scale

z,Z = 1 — z longitudinal momentum fractions carried by quark and antiquark

_ - 1, - e
(|Guy — |dd)) \w):ﬁ(|uu)+|dd)) |¢) = |3s)

e e
€ — V2 3V2 3



The distribution amplitude defined by

1
(O[F(O)y*W(y) VL (Pr))yo o = fy P /dz e=20) 6 (2, )
2

is a non-perturbative function, but its dependence on ug is perturbative

249y (z uF) _

1
i3 LB V@20 @ e
HE o

_ 1
Local limity — 0, W~ W conserved current — [ dz #(z, uF ) renorm-invariant;
0

1
Jdz ¢ (z, pr) = 1is our convention for fy .
0

Evolution kernel known up to the second order:

2
V(z,z2') = %V(l)(z,z’) + (%) v@(z,2)+ ...
™ iy

1-z 1 z 1
1 -
v(z,z") = C¢ {m <1+ﬁ> 0(2—2’)+;(1+Z,_Z>9(z’—z

1
[f(z,2)], = f(z,2') — 8(z _z/)/0 dtf(t,z)



Cancellation of divergences:
Ty calculated for bare ag and meson distribution amplitude ¢f|°)(z)
— UV and IR divergences, common parameter

UV divergences disappear after coupling constant renormalization (MS)

as—as(,U«R) |:1+ S(MR) ( +|I’I<ZR)>

11N;  2n 1
¢

1
, == —In(4
3 3 EJF’YE (4m)

Bo =

IR divergences
soft: cancel in the sum of “virtual” and “real” parts of radiative corrections
collinear: absorbed into the definition of the distribution amplitude (MS)

1

2
917(2) = o)z, ) %ZF) <i in (ﬁ)) /V(l)(z7zl)¢n (2’ ue)dz’
0
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Impact factor in the LLA

. [ dr .
by = —i / o Discr Ayxr_V R/ »

(2m)*s*(p +q — p1 — 0') AR _vrr = / d*x e (Pe,, (V (p1)R’|344(X)|R)
Jbn = —eqUyHW

i @ 2w
: § © N
Diagram (a):

(2m)*6%(p + 0~ p1 — ) ADg _ymy = —ali9)? [ dtxdydyse P i@) @)

[ ¢2

x (1) eV EUIT |V 007" W)Uy 2 )o) Puity)| 1o




Translational invariance, color neutrality of the meson, Fierz identity
— (V)W ()W, ()[0) = e P (V(py)[W,,(x —y)Ws(0)[0)

= L () (VPOB( — ) W(O)0) + ..

Other Fierz structures:

@ even number of 4's — chiral-odd quark-pair — no contribution (chirality
conserved in massless limit)

@ ~,,vs — twist-3 (important for transverse VM production, suppressed by my /Q)
[P. Ball, V.M. Braun, Y. Koike and K. Tanaka (1998)]

@ _ o eqg?0® rdMdhdt(X—y) e ey))
A’Y*RHVLR/ = 8Nc (271_)4 1 (I]_ |2 q)e 1
h B b B =
S 2 LAY U(x — w(0)[0).
X Sp ¢|12+i6 s Btics (VL(p1)[W(x —y)v,¥(0)|0)




Leading power asymptotics from the region (x — y)? — 0, where

1
VLT V(O)[0)2o = P} [ dz 20 (2)
0

e 2fy 6c¢
—>AEYa’2R~>VLR’ = qg v /dZ¢|l Z)/d4|1(5 P12 _p_ll)

X

Sp|g

h B h—d 2
12 +ie s (|1—q)2+le s

The hard-scattering amplitude is calculated for on-shell quark and antiguark momenta,
p1z and p,Z.

The k-channel discontinuity comes only from the antiquark cut
1

i H _ 2y 2\ 5 =2
EDlscni(I1 i 6((lh —a)%) =6((p1z —p—q)°) = 8(Zr —2q °)
@ _  ©qg’fy5™ (epy)
¢-y|1"~>V|_ 2N Q2 dz QSH

only longitudinal photon polarization e = épl +%p, = ép +29p, —2%p,



Taking into account also diagrams (b), (c), (d), one gets

T(O) Z, 0, S, UE , =« @
o 05 1UF » HR) Sy i3 Q?

By collinear factorization, some fermion lines are effectively put on mass-shell; in
practice

two-particle states — one-particle state
three-particle states — two-particle states
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Impact factor in the NLA

Reminder

’ Fw(=a7) Lu(—(@@—4)?)
. 5ee s 2w(=0q; s 5
¢A—>A/(qlvA730) = — |:<402> _‘7()#
c

XZ/*G(SA w)dprMagny <rA’{f})

{f}

1 dP—2k Born [ N Born i & A 5/2\
5 [ ey R (6, A, o) (K, i, By
2K _2) So( 1)

q7 intermediate state qdg intermediate state

Tr(ql) — 7(ad) 4 7(adg)



How to calculate an effective vertex?

{7}

PB pp

m2 . ZpMpu Zpﬂ pu y
Pa=pLt P2, Pe=pa, @M= 24— 4gl

2p4'py
S S

Goal: I'A{f}

@ calculate the high energy amplitude AB — {f}B’, where B, B’ are quarks, with
octet color state and negative signature in the t-channel

@ compare with the Regge form

w(t) w(t)
(8—) S S —S
Aps_ e = rf\{f}f {(t) + (j) } =

) 0 0) 28 (0 0 P1
Born: 'A,(AB)—>{f}B’ = FZ({f)}T ;(B) ) C( ) = = Otgg/ Up/ S s

. 1 0 2s 0 S —S 0
1-loop: A,(Aa)ﬁ{f}sf = r/cx({f)}T ;(B’) + rA({f)}t wB(t) {In <jt) +1In (jt ﬂ FCB(B,)

c(0) 28 c(1) | rc(1) 28 c(0)
+ rA{f}T BB’ +rA{f} t LYY



Quark-antiquark intermediate state

We need four “effective vertices”

@ vertex 1: photon to quark-antiquark (NLO)

@ vertex 2: quark-antiquark to quark-antiquark (LO)

@ vertex 3: photon to quark-antiquark (LO)

@ vertex 4: quark-antiquark to quark-antiquark (NLO)
to be convoluted,

@ vertex 1 @ vertex 2

@ vertex 3 @ vertex 4



vertex 1 - photon to quark-antiquark (NLO)

R
I

[V.S. Fadin, D.Yu. Ivanov, M.I. Kotsky (2002)]



vertex 2 - quark-antiquark to quark-antiquark (LO)

ZP1 —Zp

% —Zp1 % ZPp1
q q

(M) = o - ()0 (@) 2 [Vé(q%pﬁ) (% lﬂl)ga (V’ &)Bau;(plwq/)

vertex 1 ® vertex 2

(ad) _ (1) (1b)
T W T

T—(ylb) = "box diagrams” T,(Yla) = “other contributions”



vertex 3 - photon to quark-antiquark (LO)

p p p
q q q
0 1 B

© _ ). 27 o1 g P2
Miaa = 26a9Q(17)j22 <qlz Q2 G2 +Q222> Ua(a1) < < >aﬁ v5(92)

[I.F. Ginzburg, D.Yu. lvanov (1996)]
[V.S. Fadin, D.Yu. Ilvanov, M.I. Kotsky (2002)]




vertex 4 - quark-antiquark to quark-antiquark (NLO)

Zp1

—Zp1
ql

S TE s .

vertex 3 ® vertex 4

g 13 1 1
T\(/qq) — T\(, a) +-|—\(/ a) +T\(, c)



Putting together all the contributions from the quark-antiquark intermediate state

TED =T + T, + T3

Ty =T T, =189 + 70 T3 = T 4 71

The imaginary parts in T\(,lc) and TP

o cancel after the sum.



Quark-antiquark-gluon intermediate state

1Y q
Mvioas = Tpgag + Taag

We need three “effective vertices”
@ vertex 1: photon to quark-antiquark-gluon (LO)
@ vertex 2: antiquark-gluon to antiquark (LO)
@ vertex 3: quark-gluon to quark (LO)
to be convoluted,
@ vertex 1 ® vertex 2
@ vertex 1 ® vertex 3



vertex 1 - photon to quark-antiquark-gluon (LO)

Mrqae = —2€q9° Q Uy (2p1) ([2 (8(Taz —Tq2)) +25 (Ta+ o) #7] %) ;};(qz),

= Zq; — oG 1 1 G2 1 ciay.
Ta = (ZG —2G)2 | Q2 2,42, @ k2| 2. 92 Q%225 R
P+ +EF+ Q*+ ;4.
1 K Go
Q2?2523 2, Kz + G2z (T
Q' t iz QP+ 5
- 20> — Zoq 1 1 ] 1
1= | g, ~za7 Fabvewaw -l Rvaw oo
2 2 Q2+ ﬁ QzJr QT + é + o Q2+ ﬁ 242
J> z n (t2t%); K 1 1
47z Q2zz523 z K2 2 Q2
o+ &2 o+

2273 Z523 257,

L2 K L G 1
Q%2573 | Q2 4 K22 Q2+ @z Q2 + G Q%2,7, |’

[V.S. Fadin, D.Yu. lvanov; M.I. Kotsky-(2002)]



vertex 2 - antiquark-gluon to antiquark (LO)

S )=

q2

(r

ViLadg

4Nc
q22 P2
Z PR —
2P1 + 2, s + 021

Izzpz
z — = +Kk
3Pl+23 S + KL

2(82K)
Z3S

e’k =0

P +ed,

= Z0; — 254G G2 a,c’
T=| ——55 — — =t
<(ZQZ—ZZQ)2 z 22> (

q
_ _ —Zp1
— oy mzf\i% n mzn\;zm n
q q
q

>* = 7gzl\7g(q2) <[22 ('Fé a) +23 ;ﬁ)’] % 1211>/3 #)(z)dz

momentum of cut antiquark
momentum of cut gluon

polarization of cut gluon

1(k 4§ ,
i + 5 (IZZ + ;2) (t° %

z 2



After convolution and summation over Dirac and color indices of the cut antiquark and
gluon, we get

_eqg*fvQ dzz 540 -
N (271' 3+25 / (f)”(Z dZ/ Z3 —d qu 9(3/\—.‘{)

[(qu)(ZZzz +(1+€)22) + (TaT)(za(2z — 1) — 22Z + (1 +¢)23)

The divergence for zz — 0 is cured by the 6(sy — k):

K= —+4+ —=——q — z =
Z3 Z2 8 SA

The contribution to the impact factor from q@g intermediate state can be separated in
two terms: B
T@I9) =T, +Ts

T, = “divergent part for zz — 0 + sp-counterterm”

Ts = “remaining part (here zg“” can be put equal to 0)"
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Final result for the NLA impact factor

47req fv oce

¢’yf—>VL(a7 SO) /dZ TH(Z a7507:U‘F7I’LR)¢H(Z H‘F)

rp —
- <4fr])§?a 110 ey 70
- Ce [3, (1-27)(a—22) 1+2c—-2z (a+22) 2c+1
H(2) = € {EJF 4czz In<2c71+22>7 4czz In<2cfl>
_(a2—2§2)|n<a—;zz>}_2,872+ . c—\Ja i1/

Double poles in € which appeared in intermediate steps canceled in the sum.

Renormalization:

A% Th(z) = OAS(MR)ﬁ { +In (M >:| T(O)( z),

47
1 AN
z+h /7; /duTH () v®(u,z)
0

The effect of renormalization is given by the replacements

2 2
ﬂolﬂ(Q > s CF C|:| (%) .
MR € HE

o | =

1
= +7e — In(4)

as(ue)

ACOII Ty (Z) — _ 5
m




Tz, 50, oo = as (i) {1 2008 [r(2) 4 r(2) |

+ 2z 4
7(z) = Cg In( )

(o — 72) 7z Bo Q2 5 Ina In2 o a+tzz
— ——n ——In{ — | +n |-+ —| +Cg |— —3In
o 2 u% 9 3 2 z

2 1 1 1 (o + Z2) 2c+1
+4n“|lc—z+—-) —2Infc——)Infc+—| + Ine +2chh | ——
2 2 2 2azz 2c—1

(1—-22)(ax+122) (1t 2¢ - 22) (o +22) In<a+iz> N ( +Z2) In<u+iz>

3 (1-22)(a — 72) <1+ZC—ZZ> (o +22) <2c+1)
In — In

-+
2 4czz 2c—1+2z 2c—1

QZ
— -
HE 4czz
a +

2czz 27z a Z (a+2) az
(a +22) [ =2 1 14 2¢c 2¢—1 5
+ — +Ind4lna + - In +2Inchn | —— | —In“(2c +1)
2czz 6 2 2c —1 4

o 1 ,(2c+1 2¢ -1 2 (a +22) [ In?
— In“c+ - In" { —— | — 2Ly — Lip +
4 2c -1 4c 1+2c 27z 2

1 1 2/ o [tz 2z
— 2In{c——|Inlc+ -] +In <7)7In — | +2Lijp
2 2 o z 1-—2c
2z (1—-22)(ax — Z2) z 2a + (1 — 2¢)z
+ 2Liy - |In n[ ——M—
1+2c 2czz 4o+ 1 2a+ (14 2c¢)z
2c+1 1—-2c—2z 2z
— In(4a +1) In + 2Liy — Lip
2c -1 1+2c—2z 1-2c

b (1izzc>>}

@




-2 -
o [mre) n () 2 e ()
Zza

9 3 2 z
1 5 (a+iz a+z a+2z 2 [tz a+2z
+-In —_— —2In< >In — | —In —— | +3Inzn
2 «@ z @z z @z

a+2z
+2Inzz— ¥

T3z <z|n<%) +\/z(4a+z)ln(M))

—z+zZ (Aa+z)

2z 2z 22 z Zz
+ Lip [ ——— | +Lip + 2Ly | — — 2Ly <—7) +3Liy [ ——
1-2c 142c a+ 2z a e

1
+—
Nc

5 a+iz 3 1 4a 2¢c+1 1 5, (1+2c—2z
-+ — —)Iha+ = In + =

2 7z 2 2 (2c —1)2 2¢c—1 2 2c —1+2z
c(l—-22)(x+2z 1-22z)(x+12z

7< ) )In(1+2072z)+( ) )

72 72

| z 2z
n +Li
727 a+2z 2 1+2c
a+127z (o + 2z) 2c+1 a + 27z 2z
+Inzin + 2c In —In +Lipg | ——
a 437272 2¢c -1 a 1

—2c
(a2+az—223) 1 1 1 1
2nfc—z+ —-|In|lc+z—- -] —2Infc— - |Infc+ —
27283 2 2 2 2
2¢+1 2a+(1+2¢)z 7272 o+ 7z
+ In In —1In In
2c—1 2a+(1—2c)z

(a +72)2

@

a+z @z z 2z 2z
+2|n< >In —2Li2(—7)+4Li2 ——— | 4Ly [ ——
@ a+2z @ 1-—2c 1+2c
7z 22
— 2lip [ —— ) + 2Ly [ —
a a +72z

c:\/a+1/4




Limits of small and large virtualities of the Reggeized gluon

@ as(pr) 10 2Iha
Th(z,a,s 0= — |1+ —=— (1 |-+ ——
H(Z, o, S0, ks HR)|a—0 0fs(#R)ZZ [ t = < f{ gt 3
2
—BoIn Q + N [g-&-ln—a—ln a—3|n(zz)+2|n( )In(zz)
MR 9 Q2 «a

2

5r2 - _ - _
—%-ﬁ-lnzz-i-lnzz—i—lnzlnz +Cr 22Inz+22|nz—%

+zIn?Z +ZIn®z —8 —2Ina 4 2z Liy(z) + 2Z Li»(Z)

)

i) (19, 2hey

Th(z, a,So, pF, —oo = 1
H(zZ, @, 80, F, R)la— oo as(HR)[ = ) 3

2 22 20l | |
—Boln i + N {——w—Zlnza—E—E—&-Mn(zz)
,uR 9 3 2z

Q2
+(8+2zInZ+2ZInz)In| =
HE

+0 (ad(nr) 0?)

S0 @ Sy = _ 22y _2In25
+2In<Q In(zz>+4lnaln(zz) 2Inzinz —3In“z —3In Z})}

Lo <O‘§(NR)>
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Cancellation of the leading energy scale uncertainty

LLA: summation of terms ~ a2 In"(s/sq)

Leading energy scale uncertainty given by terms ~ a3 In"~1 sIn'sg, which are NLA
corrections. They must cancel in the full expression for an NLA amplitude.

Forward amplitude of the process ~v; (Q?)v; (Q2) — p1p2

Ims(A)= (2757)2/ 2 ¢1(Q1,So)/ 07 (=02, o) / p (3>w6w(ﬁl,ﬁz)

§—ioco

Transverse momentum notation: a'|6i) = Gi|qi)

(@ld) =0 &) . (AIB) = (K KIB) = [ dkAR)BEK)

S+ioco

s " dw [ s\“ 1. 1
Ims (A) = (27)2 / P (;) (®1] 5 Gw 5 ®2)
s 0 d a2

—ioco

(616w |G2) = Gu (1, G2)



BFKL equation

1=(@w-R)Go — 6o = (w—R)?

With LLA accuracy: Gy = (w—asK9) 1, K = askO, G = sNe

RO) = x(W)lv) , () = 20(1) — ¥ (%w) Ly (, _.V>
) == (32" Wi = [ S3 (a7 <o
+

[o'e] N 1 v = l,'l,

212 w-—as x(v)

—o0

Gu (g, G2) =



+oo

(2m)? .

.
Tms(A)37% = / dv

l1(v,80) = /dqu

[ e

|2(l/, SO)

47ref ¢
d
V2NQ / 2o1z)e

l1,2(v,80) = (QF )™ 1 I(£v)

<i>&sxm I (v, S0)l2 (v, So0)

So

|1J7*
=2
l —»pl(ql ,S0)

3
—Il/—2

2
(D'yg —po (q2 750)

cosh(m/) [1

1
) = /dz #(2) (22)" "2
0



Finally,

PLP2. d Qf " i
A ~ vI(v)Jd —_—
Ms (A)'y V5 Qle / ( V) <Q2> COSh2(7Tl/)

asx(v) = 2
X<i> {mesﬁwl
So 2

where the dependence of the amplitude on sy indeed cancels out.



e Part 2 - Building up the amplitude
@ The v* — V impact factor - Reminder



The v* — V impact factor - Reminder

5+Ioo

Ims(A)= (2757)2 /d & ¢1(Q1,So)/ ~2 —02,So0) / <i>wGw(ﬁlfaz)

§—ioco
1,() = as D1 [C{)(d2) +asCi(d ?)]

4meqf
Di2=-— ﬂ'qv\/Nz

y.(p)

NcQ12
e
€q — ) A /A0 A
\f 3\@ 3 q q
P, w, ¢

1 _
@ Leading order (photon virtuality Q?):  C((¢?) = [dz qzjiizzzqz‘z’ll(Z’“F)
0

1
@ Next-to-leading order: C()(g a; J dz 2+ZZQ2 [r(z) + (1 = )l (Z, 1e)
‘o
7(2) — the 2-page-long expression ...

#(z, g ) is the twist-2 meson distribution amplitude — qsﬁS(z) =6z(1-2)



e Part 2 - Building up the amplitude

@ The Green’s function



The Green’s function

s [d2g d24 0 s\

1 = 2 = S o

mme () = ooz [ G oaso) [ TEoGs) [ 55 (2) @)
s

—ico
BFKL equation: 62(giy — 02) = w Gu (G1,d2) — [ d2G K (G, §) Gu (4, )
Transverse momentum notation: ¢ |Gi) = §i|gi)

(GlG2) = 0@)(G1 —G2)  (AB) = (AIK)(K|B) = / d?kA(K)B(K)

i=(w-R)6o — Gu = (w—-K)™?

_ asNc

With NLA accuracy

6o = (w—asKO) ™ 4 (w - asR%) 7! (62K (w - GsKO) L+ O {(agklﬂ



Basis of eigenfunctions of the LLA kernel: {|v)}

ROlw) = x(w)v) , X(V):Zw(l)—w<%+iy> _w<%_iy
@) = mlf <az>iy—% ’ ') :/czj%j (az)iu—iu'—lzd(y_yl)

Action of the full NLA kernel on the LLA eigenfunctions:

Riy) = as(uR)x<u)|u>+a§mR)(x<1>(1/)+fﬁx(u)ln(ué)) V)

+ ) ) (12 ) )

11Ne  2ng

Bo = 3 3




Ay = - <x2(V) - ix’(V)> 1)

8 N¢

_ 1| x?
xX(v) = 4[

3

_ sinh(mv)

2v cosh?(rv

1
o(v) = 2/dx
0

+oo

Dl D2 (27I')2

Ims (A) s /

1+as

ELIES (>-<<u> B

X

8Nc

74)((1/) . GC(3) _ XN(V) 7

3

ne\ 1141202
3+ (14—
)<+< +Ng) 16(1 + 12)

cos(v In(x)) {Wz }

vk |6 2

So

(5e) <c§”<u) . cé%))

c1(v) Co(v)

NG {x(v) + %0 +i

3

cosh(m)

> + 4(/)(1/)}

s \ FslrR)X(r)
dv <*> ag(pr)c1(v)c2(v)



|v) representation for impact factors:

2 +oo C(O) 52 oo
(q ) /ducl(u')< 1) %: / d v ca(v) (Glv)
. G2)iv—3 G2) 2
cl(u):/dzﬁ c§°>(a2)% Cz(l/):/dzﬁ CS’)(GZ)%

(analogous definitions for c£ )( ) and c(l)( )

Leading-order:
+iv—1
e1o(v) (@f.) " "rgsi) e
V)=
1.2 V2 3 % 2iv] cosh(wv)
Next-to-leading-order: — numerical calculation

The amplitude above contains also terms beyond the NLA. If only the “allowed” terms
in the NLA are kept, (asIn(s))") and as(as In(s))", the dependence on sg and pr
disappears.
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@ Series representation of the amplitude



Series representation of the amplitude

e e = et [por S s (n (5) o (5))]

LLA

Q1Q2 / dv e (v)ea( )

by = %TW (7¢(3) —6) , Born (2-gluon limit) [B. Pire, L. Szymanowsky, S. Wallon (2004)]

= So Bo bh_1 //ZR B n(n — 1)
o *”'”<Q102> TN <(”“) by '”(Q@) 2

Q1Q2 /d n+l)f(u)c1(u)cz(u)w>

(n—1)
n e eM %
et </ svesrs {el 0, B0, )D

Cl(”) Cz(l/) Y( /)

NLA

f(v) = g + (34 2iv)+ (3 —2iv) — 9 <§ + iu) — (g — i1/>



e Part 2 - Building up the amplitude

@ Numerical analysis - The “pure” BFKL regime



Numerical analysis - The “pure” BFKL regime

Qe=Q2=0Q “pure” BFKL regime

LLA: by coefficients (Q-independent)

bo = 17.0664 by = 34.5920 b, = 40.7609 by = 33.0618 b, = 20.7467
bs = 10.5698 bg = 4.54792 by = 1.69128 bg = 0.554475

NLA: dn(So, ur) coefficients (sp = Q? = u2, nf = 5)

d; = —3.71087 d, = —11.3057 ds = —23.3879 d, = —39.1123
ds = —59.207 ds = —83.0365 d; = —111.151 dg = —143.06

NLA: d/™ (s, ur) coefficients (so = Q2 = %, impact factor contribution)

d™ = -3.71087 dy" = -8.4361 dj° = -13.1984 d," = -18.0971

di™ = —23.0235 dy" = —27.9877 dy"™ = -32.9676 d;"’ = —37.9618

Large NLA corrections!

dn coefficients negative and increasingly large in absolute value.
The contribution from the kernel dominates only for n > 4.

Optimization of the perturbative expansion needed!
Principle of minimal sensitivity (PMS) [P.M. Stevenson (1981)]: require the minimal
sensitivity to the change of both sy and pR.



Test of the PMS method

Total cross section for the production of eTe~ in the collision of two heavy ions at high
energies [G. Racah (1937)]
28at,,2272 1
U:lez(l:%—i—Alz-l—m—&-C)-l—O( )
277m2 (P1p2)

Z, , are the ions charges, me the electron mass, py » the ions’ four-momenta, m  the
masses of the ions and | = In 2(P1P2)
mimp

A = —178/28 = —6.35714
1
B = g(m? 4 370) = 15.6817

1 13
C = ——(348+="#%2_21¢(3)) = —13.8182
28( + 22 g ))



Let's imagine that only the coefficient A in front of the first subleading logarithm is
known and construct the following approximation (in analogy with NLA BFKL):

2802,,2272
app _ I —1)3 + (A + 3lg)(I — 1g)? , — ZTTTEMT1IT2
0P = a0 (1= 10)° + (A+30)(1 = 1)*) . 70 = =215

where |y is an arbitrary parameter, which acts as energy shift; the dependence of the
cross section on lg is subleading.

Minimal sensitivity to the change of Iy — lp = —A/3 = 2.11905

o/ 0oy
150 exact
100
10=0
50
PMS
1
2 4 8 10




Q2 ImsA 1 ) eS) B
DiD, s = (271,)2 as(pr)” |bo + nzzzl as(,uR)n bn [ (Y — Yo)n

+  dn(So. ur)(Y — Yo)n71>}

ven(g). w=n(3)

Strategy: for each fixed Y calculate the amplitude for varying Y at fixed pr and vice
versa, up to finding the optimal values for which the amplitude is least sensitive to
variations of them.

In practice, there are wide regions in Yg and pr where the amplitude is very weekly
dependent on Yy and pR.



Example: Q2=24 GeV2,n; =5
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0.04

0.02

Q% ZImsA
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-0.04

0
92
D,D; ImsSA VS R
Y0=3,2,1,0 0.
-0
Y=6
-0

.08

DD, S VS Yo
Y =10, 8,6,4, 3
Yo
8 10
pr =10Q
.02 Yof'/
60 80 100
02
.04
.06

Ur [GeV]



Finally,

0.07 LLA, Y¢=2.2, Hr=10Q
0.06

Q% ZImsA 0.05

D.D; s VvsY
0.04

Q2=24GeVZ,n; =5 0.03

Born, Ur=0Q
0.02
0.01 :55;::::=:=;:=5”"' Born, Hg=100Q
: ‘ : : Y
2 4 6 8 10

Lessons
@ The Born approximation does not give necessarily the estimate from below.

@ The optimal values for ug are “unnaturally” larger than Q
(new scale or nature of the BFKL series?).



Finally,

Q% ZImsA
B.D; s vsY

Q2=24GeVZ, ny =5

Lessons

.07 LLA, Y0=2.2, ur=100
.06
.05
.04
.03
Born, Ur=0Q
.02
.01 / Born, pgr=100Q
- . . . . Y
2 4 6 8 10

@ The Born approximation does not give necessarily the estimate from below.

@ The optimal values for ug are “unnaturally” larger than Q
(new scale or nature of the BFKL series?).

—— Since NLA corrections are large and since the exact amplitude should be renorm-
and energy scale invariant, the NNLA terms should be large and of the opposite sign

with respect to the NLA.

If the NNLA corrections were known and we would apply PMS to the NNLA amplitude,
we would obtain more natural values of ug.



e Part 2 - Building up the amplitude

@ “Collinear factorization” regime



“Collinear factorization” regime

7*(Q1)7*(Q2) — V V for strongly ordered photon virtualities, Q2 > Q2

o = st o s (i () st ()]

n=1
( )
Qle / dv 6y (v)ea(v)
1 (Q2\" 9x3(L + 4v2)sinh(mv)
a)el) =gq, <Q2) 32 (1 +12) cosh®(mv)

x(v) = 29(1) — ¢ (% + iv) — (% - iy>

dn(so, 1R) is the (much) more complicated expression involving the NLA impact factors
and the NLA BFKL eigenvalues in the v-representation



@ Leading-twist approximation: close the v-integration contour in the upper plane

and take only the residue at the pole v =i /2.

@ LLA: nearthe pole, v = £ + A
34

2\ 1 (-3 |

cu(A)ea(A) = <Q§> @ <E +xt3 +O(A)>
x(A) = fiZ +0(A?)

Residuea_g (W) _ inflw

o= %ﬂ% s SL(:IJ(rnlli)?zm(n S L)

L =log(Q?/Q3)



In the NLA we have contributions from the kernel and from the impact factors.

@ From the kernel, among others

) i 1/11 ne\ 1 13\ 1 o
A= (=) 2 55+ ) = 4 o(a
X(4) 2A3+6<2+N3>A2+36( e >A+( )

@ In the NLA impact factors are very complicated, however

2\ —2+HiA
o) = [ e ci@n @7 [ g cpign @ Lh

near the pole (v = % + A); only the small-ci2 limit of Cgl)(az) needed
Analogously,

1)(u):/d"’dcé”(d ( )~ /d e (qzjﬁ

near the pole (v = % + A); only the Iarge—q 2 limit for Cg )(q ) needed



2 —
bndnzzw% 1 L+l 3/pn(n“+n+2) n < 3 +£+1ln>7lu
Q1 (n)2 8N n+1 n+1 \ 4N2 4 4 N3 2(n + 1)
3n So So 1ln(n—-1)ny = By Q?
+ log — | +L" [-nlog — — ————"%— + = | =3n(n+1)log —
(n+1) ° Q2 2 12 N3 ' 4N 12

—n<7n(n_21)—10>>—n 19, Un = 8l
2 6 3 | 2 24N2

L = log(Q%/Q3)

@ Terms with as(ug )" 2L"*2 canceled out, as it should be

@ The same procedure can be applied to the case of the v*~* total cross section



e Part 2 - Building up the amplitude

@ Analysis of systematic effects



Analysis of systematic effects

There are two main sources of systematic effects in the numerical determinations
performed so far:

@ change of representation of the NLA amplitude

@ change of the method of optimization of the perturbative series

So far, we have considered series representation and PMS optimization method, at
Q? =Q2 = Q?=24GeV?, n; = 5.

In the following we take into account also
@ ‘“exponentiated” representation of the NLA amplitude
@ other optimization methods: FAC, BLM



“Exponentiated” representation of the NLA amplitude

Tms (A) s +/‘?° s \ @s(ir)X()+32(0R) (R(0)+ H& X ()~ x()+ ]
— = d1/< >

D1D2 - (27T)27 So
1+ as(pr) ( ) +2 G )>

xad(kr)er(v)ea(v)

So
c1(v) Cz(l’)
d (21(5 )
+a3(pr)In (%) SﬁWOcX(V) (Id;( + 2|n(u§)>}

By “exponentiation” we mean “transfer of an effect from the kernel to the Green’s
function” or, equivalently, account of that effect “to all orders".

The last term in the above equation originates from the scale non-invariant part of the
NLA kernel, i.e. from the running of the coupling, and is not exponentiated.

An exact account of the derivative term in the BFKL equation leads to a radical change
of both the spectrum and the eigenfunctions of the NLA BFKL kernel.
[N. Armesto, J. Bartels and M. A. Braun (1998)]



PMS method - Exponentiated representation

exp. rep’n
0.06
) 0.05
Q% ImsA vs 'Y
DDy s 0.04
2 2 0.03
Q=24 GeVs, ns =5 series rep’n
0.02
0.01
Y

@ Rough agreement with the PMS method applied to the series representation.
@ The optimal value for ug is slightly smaller than in the previous case.



FAC method

@ Fast apparent convergence (FAC) [G. Grunberg (1980)]:
require that the NLO corrections identically vanish.

@ Strategy: for each fixed Y calculate determine the line of Yo and g values for
which the NLO corrections cancel; then, the optimal values of Y and ug along
this line are chosen according to “minimum sensitivity”.



FAC method - Series representation

Q? ImsA 1
DD, s  (2n)

sas(i)? [bwfj (1) B ( (Y =Yo)™+2n(S0. )Y = Yo' )|
n=1

0.05 PMS
0.04
2
52 IMmsA vy
1D s
0.03
FAC

Q2%=24GeV2,n; =5 0.02

@ Despite the very different strategy, FAC and PMS give quite consistent results



FAC method - Exponentiated representation

Tms (Ania) s 7" (S)asmmx( vradin) (%00 + g x()[ - x()+ 3] )

DD, (2n)? so

xag(MR)Cl(V)CZ(”) ci(v) c2(v)

d (21(5)
+a%(pR) N (:—0> Bﬁ—,\;’cx(u) ('dﬁ() n 2|n(u§))}

Zmg (-ALLA) S Yood s as(pr)x(v)
_ v =
D:D> (2m)? So

cP(v) N cé”(u))

14 as(ur) <

al(uR)er(v)ca(v)

Ims (Anta) = Zms (Apa) + {Ims (Anta) — Zms (ALLA)}

0.05
PMS - series rep’n

0.04

0.03 12

0.02 Q?=24 GeV?,n; =5

FAC - exp. rep’n
0.01
Y




BLM method

@ [S.J. Brodsky, G.P. Lepage, P.B. Mackenzie (1983)] optimization method:
perform a finite renormalization to a physical scheme and then choose the
renormalization scale in order to remove the Syo-dependent part.

Strategy (applied to the amplitude in the series representation only):

@ finite renormalization to the MOM-scheme (£=0)

as — as {1 + Tmom (€ = 0)%]

Tuom (€ = 0) = TEa + Tou
Tconf NC 17

Bo 2
_ Nef TR — 0114 5 | ~ 2.3439
MOM g 2 MOM 2 Jr3

@ Yy and pr chosen in order to make the term proportional to 3y in the resulting
amplitude vanish (the By-dependence in the series representation of the
amplitude is hidden into the dn coefficients)

@ optimal values for Y, and pg determined according to “minimum sensitivity”



BLM method - Series representation

0.06
BLM (MOM, &£=0)
0.05
2

fﬁfflsA vs Y 0.04
0.03

Q?=24 GeV?,nf =5
0.02
0.01

@ Drawback: for each given Y, Y, “wants” to be as large as Y .
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@ Collinear improvement of the BFKL kernel



Collinear improvement of the BFKL kernel

Main idea: compare the NLA BFKL amplitude for deep inelastic scattering with the
DGLAP formula and deduce the subleading terms to be added to the NLA BFKL
Green'’s function. [G.P. Salam (1998)]

If these terms catch the essential subleading dynamics, their inclusion must stabilize
the perturbative series.

The v*v* — V V forward amplitude can be used as a test-field for this method.



Collinear improvement in the LLA

[R. Enberg, B. Pire, L. Szymanowsky, S. Wallon (2005)] made an estimate of NLA
effects for the same amplitude, using the following ingredients:

@ LO impact factors for the v* — V transition;

@ BLM scale fixing for the running of the coupling in the prefactor of the amplitude;
the BLM scale is found using the NLO v* — V impact factors;

@ RG-resummed BFKL kernel; the resummation is performed on the LLA BFKL
kernel at fixed coupling
[V.A. Khoze, A.D. Martin, M.G. Ryskin, W.J. Stirling (2004)]



0.1
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15 the curves in red.
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Collinear improvement in the NLA — F. Caporale’s talk

@ General tendency of the optimal values towards “naturalness”
@ Improved stability under change of the representation of the amplitude
@ Reasonable agreement with unimproved determinations

@ Numerical determinations feasible even for strongly ordered photon virtualities



Conclusions

@ Closed analytical expression found for the v*~4* — V V forward amplitude in the
Regge limit of QCD with next-to-leading order accuracy

@ For equal photons’ virtualities, i.e. in the BFKL regime

e the next-to-leading order corrections are large and of opposite sign
with respect to the leading order contribution

e the PMS optimization method allows to get stable results for the
amplitude; the optimal value of the renormalization scale ug turns
out to be much larger than the kinematical scale of the problem;
this could be a manifestation of the nature of the BFKL series

e the energy dependence of the amplitude is reasonably stable
under change of representation (exponentiated vs series) or of
optimization method (FAC, BLM)

@ For strongly ordered photons’ virtualities,

e the structure of the amplitude is compatible with the leading-twist
collinear factorization

@ numerical determinations are feasible if collinearly improved
kernels are used



	The * * V  V forward amplitude
	Introduction and Motivations
	Kinematics and BFKL amplitude

	Part 1 - The * V impact factor
	Definition and general structure
	Impact factor in the LLA
	Impact factor in the NLA
	Final result for the NLA impact factor
	Cancellation of the leading energy scale uncertainty

	Part 2 - Building up the amplitude
	The * V impact factor - Reminder
	The Green's function
	Series representation of the amplitude
	Numerical analysis - The ``pure'' BFKL regime
	``Collinear factorization'' regime
	Analysis of systematic effects
	Collinear improvement of the BFKL kernel

	Conclusions

