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• Strong Interactions and Strings

QCD/Strings, A 33-years-old Puzzle

• From Dual Amplitudes to Strings

The Veneziano Amplitude and beyond

• States and Symmetries

String Theory: a brief introduction

• Why 26 (or 10) Dimensions?

The Origin of Extra-Dimensions



Strong Interactions and Strings

Strong Interactions History
—————————————————————————

Strings < QCD ⇔ Strings

1968 ⇒ 1974 ⇒ 1998 ⇒ 2007 ...

————————————————
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The Origin of String Theory

Shapiro-Virasoro AmplitudeVeneziano Amplitude
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Open String Closed String

Open String : B4 =
Γ(−α(s))Γ(−α(t))

Γ(−α(s)−α(t))

Regge Trajectory: α(x) = α(0) + α′x

Resonances :
Γ(−α(s))Γ(−α(t))

Γ(−α(s)−α(t))
∼ Polynomial(t or s)

(n−α(s or t))
when α(s or t) → n

ReggePoles :
Γ(−α(s))Γ(−α(t))

Γ(−α(s)−α(t))
∼ sα(t)Γ(−α(t)) when s → ∞

What are all these states for?



String Apparatus

(σ,τ)X d−Space

σ
τ

World Sheet Target Space



String States

• String Oscillator Modes

[anµ, a†mν ] = ηµνδnm ; [q̂µ, p̂ν ] = iηµν ; D−dimensional metrics ηµν =
{

1,−1;−1∗(d−2)
}

• String Position Operator Xµ(σ=0, τ)

Xµ(σ=0, τ)(z) = Q(+)
µ (z) + Q(0)

µ (z) + Q(−)
µ (z) ; z = eiτ

Q(+) = i
√

2α′

∞
∑

n=1

an√
n

z−n ; Q(−) = −i
√

2α′

∞
∑

n=1

a†n√
n

zn ; Q(0) = q̂−2iα′p̂ log z

• Relation with the Veneziano Amplitude

B4 =

∫ 1

0
dz z−1−α(s)(1−z)−1−α(t) =

Γ(−α(s))Γ(−α(t))

Γ(−α(s)−α(t))

(2π)dδ(d)(
N
∑

i=1

pi) BN =

∫ 1

0

N−1
∏

i=3

dzi

N−1
∏

i=2

θ(zi−zi+1)×〈0, p1|
N−1
∏

i=2

: eipi·Qi(z) : |0, pN〉



String Symmetries

• Generators of the String Conformal Symmetry

[L0, Q(z)] = −z
dQ

dz
; [L−1, Q(z)] = −dQ

dz
; [L1, Q(z)] = −z2 dQ

dz

Dilatation ; Translation ; Inversion

• Generalized Conformal Symmetry [Ln, Q(z)] = −zn+1 dQ
dz

Ln =
√

2α′np̂ · an+
∞
∑

m=1

√

m(n+m)an+m · am+
1

2

n−1
∑

m=1

√

m(n−m)am−n · am

• The main property: Virasoro Algebra

[Ln, Lm] = (n − m)Ln+m +
d

24
n(n2 − 1)δn+m;0

• Generalized Invariance

[L±1, L0] = ±L±1 ; [L1, L−1] = 2L0

[Ln, Lm] = (n−m)Ln+m + “Central Charge′′



WHY 26 Dimensions?

• (Covariant) Gauge Condition in QED :

∂µAµ = 0 → qµa†µ|0〉 = 0 ; qµ ≡ (q, o, o, q)

a†2,3 |0〉 = |φ2,3〉 Transverse γ
∑

|φ2,3〉|2 = 1

a†0 − a†1|0〉 = |l〉 Longitudinal γ 〈l|l〉 = 0

a†0 + a†1|0〉 = |s〉 Spurious γ qµa†µ 6= 0

• Covariant Gauge Conditions for Strings :
Ln|φstring〉 = 0 for n > 0

Ln|φstring〉 = 0 On−shell States

〈lstring|lstring〉 = 0 Zero−Norm States

Ln|sstring〉 6= 0 Spurious States

• Decoupling of Spurious States: |s〉 = L†
1|φ1〉 + L†

2|φ2〉

{

L2 +
3

2
L1L1

}

|sstring〉 =
∑

i

|sstring, i〉 +
d−26

2
|φstring〉

• From: [L2, L−2] = 4L0 + d
4 ⇒ d=26

Zero-mass states with Gauge Bosons and Graviton...



QCD/Strings: The 33-years-old Puzzle

1974

QCD Amplitudes: are they 4-D String Amplitudes?

Problems for 4-D Strings ...

• Conformal anomaly: D=26,10

• Gauge, Gravitation in the spectrum: αR = 1 , αP = 2

• Zero mass asymptotic states

• QCD? asymptotic freedom, weak coupling,...
...all Standard Model physics!

...And for QCD

• QCD at Strong coupling? a String Theory?

• Strong Interactions: confinement, resonances, unitarity?

• Can we elaborate a Gauge/String Theory?



QCD, Strings and AdS/CFT, an
Introduction (II)

Robi Peschanski
(SPhT, Saclay)

School on QCD, Low-x Physics and Diffraction,
Copanello,Calabria, Italy, July 2007

• Gauge/Gravity Correspondence

Gauge Fields/String: “Duality” and “Holography”

• AdS/CFT Correspondence for S4QCD

Extensions beyond CFT

• A case study: AdS/CFT and QGP Hydrodynamics

Emergence of a 5d Black Hole Geometry

• AdS/CFT and QGP Dynamics

Quasi-Perfect Fluidity,Viscosity,Thermalization,...

• Conclusions and Prospects

Progress and Open Problems of the QCD/String Connection



The Gauge-Gravity Correspondence
“Duality”: Open String ⇔ Closed String

Schomerus, 2006

Closed String ⇔ 1 − loop Open String

D−Brane “Universe” ⇒ Open String Ending

Gravity ⇔ Gauge

Large/Small Distance ⇒ Gravity/Gauge Correspondence



AdS/CFT Correspondence

J.Maldacena

1998

Weak Gravity

Strong Gravity

Strong Coupling
Weak Coupling

5+1

3+1

5+1

3+1

Macroscopic

AdS CFT

Microscopic

}

Gravity Source

}

N-Branes

55
AdS x S Superstring SU(N) Gauge Theory on the N-Branes

g N -> 0( (

S S

-1
g N -> 0

Duality



DUALITY

• D3-brane Solution of Supergravity: Horowitz,Strominger, 1991

ds2 = f−1/2(−dt2 +
3
∑

1

dx2
i ) + f1/2(dr2 + r2dΩ5)

“Physical” Brane + Extra-Dimensions

f = 1 +
R4

r4
; R4 = 4πα′2g2

Y MNc

• “Maldacena limit”:

α′(→ 0)

r(→ 0)
→ z , R fixed ⇒ g2

Y MNc → ∞

Strong coupling limit

ds2 =
1

R2z2
(−dt2 +

∑

1−3

dx2
i + dz2) + R2dΩ5

Background Structure: AdS5 × S5 (same R2)



HOLOGRAPHY
Exemple of 〈Wilson Lines〉

Z 0Z

horizon

8

D-Branes
3

HORIZON

Boundary

NON-CONFINING CONFINING GEOMETRY

〈eiP
∫

C
~A·~dl〉 =

∫

Σ

e−
Area(Σ)

α′ ≈ e−
Min.Area

α′ ×Fluctuations

• Conformal case : AdS5/CFT4

〈Wilson Lines〉 = eT∗V (L) ∼ eT×1/L

• Confining case : ex: Horizon at zh (Witten 1998)

〈Wilson Lines〉 = eT∗V (L) ∼ eT×L(×z2
h)



2007 A case Study: QGP formation and
Relativistic Hydrodynamics

pre-equilibrium stage

QGP

mixed phase

hadronic gas
described
by hydrodynamics

“Abstracted” from Experiments:

• Kinematic Landscape

τ =
√

x2
0 − x2

1 ; η =
1

2
log

x0 + x1

x0 − x1
; xT ={x2, x3}

• QGP: (Almost) Perfect fluid behaviour (small Viscosity)

• Fast QGP Formation

Strong Coupling QGP: What Strings can teach us?



Tool: Holographic Renormalization
K.Skenderis (2002)

• Using Fefferman-Graham Coordinates:

ds2 =
gµν(z) dxµdxν + dz2

z2

• 4d ⇔ 5d metric:

gµν(z) = g(0)
µν (= ηµν) + z2g(2)

µν (= 0) + z4g(4)
µν (∝ 〈Tµν〉) + . . .

+ . . .: derived from Einstein Eqs.

• 4d Constraints

T µ
µ = 0 ; DνT

µν = 0



EMERGENCE of the 5d BLACK HOLE
Balasubramanian,de Boer,Minic; Myers; Janik,R.P.

• 4d Perfect Fluid “on the brane”

〈Tµν〉 ∝ g(4)
µν =









3/z4
0 = ǫ 0 0 0
0 1/z4

0 = p1 0 0
0 0 1/z4

0 = p2 0
0 0 0 1/z4

0 = p3









• Holographic Renormalisation (Resummed)

ds2 = − (1 − z4/z4
0)

2

(1 + z4/z4
0)z

2
dt2 + (1 + z4/z4

0)
dx2

z2
+

dz2

z2

• ⇒ 5d Black Brane with horizon at z0 ∼ T−3
0

ds2 = −1 − z̃4/z̃4
0

z̃2
dt2 +

dx2

z̃2
+

1

1 − z̃4/z̃4
0

dz̃2

z̃2

z → z̃ = z/
r

1+z4

z4
0



σabs(ω) ∝
∫

d4x
eiωt

ω
〈[Tx2x3(x), Tx2x3(0)]〉 ⇒

η

s
≡ σabs(0)/(16π G)

A/(4 G)
=

1

4π

Kovtun, Policastro, Son, Starinets (2001-...)



AdS/CFT: From Statics to Dynamics
R.Janik, RP (2005)

• Constraint Equations

Tµ
µ ≡ −Tττ + 1

τ2 Tyy + 2Txx = 0
DνT

µν ≡ τ d
dτ

Tττ + Tττ + 1
τ2 Tyy = 0

• Boost-invariant Tensor

Tµν =









f(τ ) 0 0 0

0 −τ 3 d
dτ f(τ )−τ 2f(τ ) 0 0

0 0 f(τ )+ 1
2τ d

dτ f(τ ) 0
0 0 0 ...









• 1-parameter family of proper-time evolution

f(τ ) ∝ τ−s : Tµνtµtν ≥ 0 ⇒ 0 < s < 4

f(τ ) ∝ τ− 4
3 : Perfect Fluid

f(τ ) ∝ τ−1 : Free streaming

f(τ ) ∝ τ−0 : “Full Anisotropy” ǫ = p⊥ = −pL



AdS/CFT ⇒ Perfect Fluid at large τ

R
2 = RµναβRµναβ
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s = 4
3
± .1

A nonsingular background selects a moving Black Hole
geometry corresponding to the perfect fluid at large

proper-times



Dual of a Perfect fluid in S4QCD “heavy ion

experiment” : a Moving Black Hole

v =
z

τ 1/3

• Asymptotic metric

ds2 =
1

z2






−

(

1− e0

3
z4

τ4/3

)2

1+ e0

3
z4

τ4/3

dτ 2+
(

1+ e0

3
z4

τ4/3

)

(τ 2dy2+dx2
⊥)






+

dz2

z2

• Black Hole off in the 5th dimension

Horizon : zh =

(

3

e0

) 1
4

· τ 1
3 .

T emperature : T (τ) ∼ 1

zh

∼ τ− 1
3

Entropy : S(τ) ∼ Area ∼ τ · 1

z3
h

∼ const



AdS/CFT: Anisotropy at small τ
Kovchegov, Taliotis arXiv:0705.1234

ε

τ

ε ~~ const

τ iso

ε ∼ τ −4/3

Evaluation of τiso

Matching : zlate
h (τ) =

(

3

e0

) 1
4

≡ zearly
h (τ) = τ

Isotropization : τiso =

(

3N2
c

2π2e0

)3/8

Evaluation : ǫ(τ) = e0 τ 4/3|τ=.6 ∼ 15 GeV fermi−3 ⇒ τiso ∼ .3fermi



Conclusions

In progress:

• Gauge-Gravity Correspondence
A promising way towards QCD at strong couplings

• Results on AdS/CFT → S4QCD Hydrodynamics
Perfect Fluid, Viscosity, Isotropization

• Other studies
Jet Quenching, Quark Dragging, and many others...

In outlook:

• Can we go beyond Boost Invariance?
From Bjorken to Landau to “real” Hydrodynamics?

• Can we follow the flow from Ions to Hadrons?
Initial and Final conditions for Hydrodynamics

• From S4QCD to S0QCD Hydrodynamics ?
Can we construct the “Dual” of the QGP?
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Calculation of the Moving Duals

• Boost-Invariant 5-d F-G metric:

ds2 =
−ea(τ,z)dτ 2 + τ 2eb(τ,z)dy2 + ec(τ,z)dx2

⊥

z2
+

dz2

z2

• Scaling : v =
z

τ s/4

[a(τ, z), b(τ, z), c(τ, z)] = [a(v), b(v), c(v)] + O
(

1
τ#

)

v(2a′(v)c′(v)+a′(v)b′(v)+2b′(v)c′(v))−6a′(v)−6b′(v)−12c′(v)+vc′(v)2 = 0

3vc′(v)2+vb′(v)2+2vb′′(v)+4vc′′(v)−6b′(v)−12c′(v)+2vb′(v)c′(v) = 0

2vsb′′(v) + 2sb′(v) + 8a′(v) − vsa′(v)b′(v) − 8b′(v) + vsb′(v)2+

4vsc′′(v) + 4sc′(v) − 2vsa′(v)c′(v) + 2vsc′(v)2 = 0 .

• Asymptotic Solution

a(v) = A(v) − 2m(v)

b(v) = A(v) + (2s − 2)m(v)

c(v) = A(v) + (2 − s)m(v)



Free Streaming and general cases

v =
z

τ 1/4

• Asymptotic metric

ds2=

(

−(1+ v4
√

8
)
1−2

√
2

2 (1− v4
√

8
)
1+2

√
2

2 dt2+(1+ v4
√

8
)
1
2 (1− v4

√
8
)
1
2 τ2dy2+

z2

+(1+ v4
√

8
)
1+

√
2

2 (1− v4
√

8
)
1−

√
2

2 dx2
⊥

)

z2 + dz2

z2

• True Singularities ?

Ricci scalar:

R = −20 + O
(

1

τ#

)

.

Riemann tensor squared:

R
2 = RµναβRµναβ



AdS/CFT: Selection of the Perfect Fluid

• Curvature invariant: R
2 = RµναβRµναβ

R2= 4

(1−∆(s)2v8)4
·

[

10∆(s)8v32−88∆(s)6v24+42 v24s2∆(s)4+

+112 v24∆(s)4−112 v24∆(s)4s+36 v20s3∆(s)2−72 v20s2∆(s)2+

+828∆(s)4v16+288 v16∆(s)2s−288 v16∆(s)2−108 v16s2∆(s)2+

−136 v16s3+27 v16s4−320 v16s+160 v16+296 v16s2+36 v12s3+

−72 v12s2−88∆(s)2v8+42 v8s2+112 v8−112 v8s+10

]

+O( 1

τ#)

• R
2 for s = 4

3
:

R
2
perfect fluid =

8(5w16 + 20w12 + 174w8 + 20w4 + 5)

(1 + w4)4

where w = v/∆(4
3
)

1
4 ≡ 4

√
3 v.



AdS/CFT: Selection of the Perfect Fluid

R
2 for s = 4

3
± .1

0,9

125

w

0,7

25

1,0

R2

150

100

0,8

75

50

0

0,60,50,40,30,20,10,0



Thermalization response-time of a perfect

fluid

• Quasi-normal scalar modes of a static Black Hole in
Fefferman-Graham coordinates

∆φ ≡ 1√−g
∂i

(√−ggij∂jφ
)

= 0

− 1

z3

(

1 − z4

z4
0

)2

(

1 + z4

z4
0

) ∂2
t φ(t, z)+∂z

(

1

z3

(

1 − z8

z8
0

)

∂zφ(t, z)

)

= 0 .

• Separation of variables φ(t, z) = eiωtφ(z)

φ′′+
1 − z̃2

z̃(1 − z̃)(2 − z̃)
φ′+
( ω

πT

)2 1

4z̃(1 − z̃)(2 − z̃)
φ = 0

• Dominant Decay Time

ωc

πT
∼ 3.1194 − 2.74667 i

• A note on Viscosity vs. Q-n modes



Thermalization response-time of a perfect

fluid

• Quasinormal scalar modes for the boost-invariant Black
Hole geometry

∆φ ≡ 1√−g
∂i

(√−ggij∂jφ
)

= 0

[

∂z → τ− 1
3∂v ; ∂τ → ∂τ−

1

3
τ− 4

3∂v

]

− 1

v3

(1 + v4)2

1 − v4
∂2

τφ(τ, v) + τ− 2
3 ∂v

(

1

v3
(1 − v8)∂vφ(τ, v)

)

= 0

• Separation of variables φ(τ, v) = f(τ)φ(v)

∂2
τf(τ) = −ω2τ− 2

3 f(τ) ⇒ f(τ) =
√

τJ± 3
4

(

3

2
ωτ

2
3

)

∼ τ
1
6 e

3
2
iωτ

2
3

∂v

(

1

v3
(1 − v8)∂vφ(v)

)

+ ω2 1

v3

(1 + v4)2

1 − v4
φ(v) = 0

• Dominant Decay Proper-Time

ωc

πT
∼ 3.1194 − 2.74667 i



Conclusions II

• AdS/CFT and Hydrodynamics
Construction of the “Dual” of a relativistic fluid

• 4d → 5d : Holographic Renormalisation
5-d Metric from the 4-d Tµν

• 5d Physical Criterium
Non-singular 5d Horizon ⇒ Asymptotic
4d perfect fluid

• Quasi-Normal mode analysis:
The perfect fluid is thermally “very stable”

Unexpected AdS/CFT consequences for QCD at strong
coupling?


